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ENGINEERING COLLEGE 
GEOR C, ! 	 - 1- T 1 .J 	 CH NI OLOG Y 
SCHOOL OF ENGINEERING SCIENCE 
AND MECHANICS 
225 NORTH AVENUE, N.W.  
AT I. ANTA, GEORGIA 30332 
	
April 20, 1982 
Mr. John N. Dickson 
Department 72-77 
Mail Zone 415 
Lockheed-Georgia Company 
Marietta, Georgia 30063 
Subject: Research Grant P. 0. No. CY48335 
Progress Report (1/16/82 thru 4/15/ 8 2) 
(Georgia Tech Project No. E - 23 - 624) 
Dear Mr. Dickson: 
During the subject period, emphasis has been focused on literature 
reviews, exploratory types of studies, identification and formulation 
of problems related to the - dynamic response, wave propagation, damage 
characterization and prediction of residual strength of composite 
laminates subjected to transverse normal impact. The following represents 
a summary of the progress of research under the subject grant, and more 
detailed discussions on various aspects are also enclosed: 
(1) Dynamic response of orthotropic laminates subjected to impulse 
loading based on the modal analysis is examined. The analysis concerning 
the flexural wave only could be suitable for low speed impact investigation. 
Numerical results may also be used for future comparison to more exact wave 
propagation analysis. Examples for a simply supported composite laminate 
subjected to a central point impact and impact of a uniformly distributed 
loading are enclosed. Numerical results indicate that in the limit of 
delta function impulse impact, large strain occurs before the flexural 
wave reaches the boundary when the plate is under the point impact. 
Consequently, boundary conditions will not be important for this case. 
(2) For exploring the through-thickness response, a discrete model 
consisting of a system of springs and concentrated masses is considered. 
While the effective mass and stiffness of springs for each ply (or ply 
group) can not be adequately established, relative magnitudes are used 
to give qualitative indications of the wave phenomenon including the 
relative instances at which the maximum response of each point mass and 
peak tension waves occur. Examples for a three degrees of freedom system 
are enclosed. 
(3) The transient impact problem concerning the propagation of stress 
wave in elastic composite plates consisting of a number of layers of differ-
ent properties has been formulated with sufficient generality. Inasmuch 
as the boundary effect is not important for a laminate under central impact 
as indicated under (2), it is intended that Laplace transform in time and 
Mr. John N. Dickson 
April 20, 1982 
Page 2 
Fourier transform in space will be applied to the set of resulting 
differential equations for interfacial stresses and displacements, and 
the inverse transformation will be determined numerically. 
(4) Delamination is generally considered to be the dominant energy 
absorbing mechanism in fracture of impacted laminates. Estimation of the 
residual strength of an impact-damaged laminate required an analysis of 
delamination growth. We observe that when delamination reaches an exist- 
ing transverse matrix crack, it is likely to shift from the original 
interlaminar plane to an inner interlaminar plane. Subsequent delamination 
growth is investigated by solving a buckling problem of a stepped delami-
nation layer. There are indications that, compared to the delamination 
growth along the original interlaminar plane, our stepped layer model 
yields a larger strain energy release rate and assigns a more prominent 
role to the mode II fracture behavior. The result of this analysis can 
be a critical factor in the residual strength prediction of an impact-
damaged laminate. 
Sincerely yours, 
R. K. Kunz, Assistant Ppotessor 
"J. T i S. Wand, Professor 
W.-L. Yin, Assocte Professor 
ew 
Enclosure 
1. Dynamic Response of Orthotropic Laminates 
The general solution subject to classical laminated plate theory 
for a simply supported rectangular composite plate subjected to trans-
verse loading, and data used in the examples are summarized on the next 
page. The results for the first example concerning the response of the 
plate to central point impact are shown in Fig. (1). It indicates that 
severe flexural strains have occurred before t = 0.0001 sec., and the 
wave is still far from the boundary line. Consequently, the boundary 
effect is not important for this case. The response for the plate 
under uniformly distributed impact loading is shown in Fig. (2), and 
the boundary conditions will affect the dynamic response. While only 
response curves are shown in Figs. (1) and (2), interfacial stresses 
may be subsequently computed according to the laminated plate theory. 
1 
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2. Discrete Models  
To qualitatively explore the through-thickness dilatational wave 
motion, systems of point masses connected by linear springs, as shown 
in Fig. (3), are modelled to represent the layered construction of 
composite laminates. The structural stiffness of a general ith ply 
or lamina is characterized by K
i
, and the interfacial stiffness is 
characterized by k.. Non-zero k
n 
may represent that the region under 
consideration is at the support. Otherwise, k n should be zero. 
Numerical examples for a three degrees of freedom system with number- 
ing system shown in Fig. (3b) are considered. While it is difficult to 
establishadequatevaluesforK.,k.andm.,relative magnitudes are 
used. Responses for the example problems plotted against the dimension-
less time are shown in Figs. (4\ and (5). The shaded regions represent 
occurrence of tension waves, and the bold vertical lines represent peak 
interfacial tensile forces when multiplied by k
i
. While the peak tension 
may occur at one interface earlier than the peak occurs at another inter-
face, the magnitude of the peak tension occurring at the later time may 
be larger. It is therefore important that a reliable failure criterion 
must be established first before the location of damage initition can 
be determined. 
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3. Wave Propagation Due to Tmpact in  Laminated Composite Plates  
The primary emphasis in the work described in this section is the 
analytical determination of the propagation of stress waves in elastic 
composite plates, generated due to impact on the plate surface. In 
order to examine the initiation of impact-induced del aminations, the 
interlaminar stresses as functions of position and time are of fund-
amental interest. It is hoped that, when completed, the analysis will 
provide for the investigation of the influence of material properties 
and stacking sequence on the propagation of elastic-waves. 
This basic problem has attracted some previous analytical research 
efforts in recent years. bong and Nelson [1] and Kubo and Nelson [2] 
employ a finite element -normal mode method in which the displacement 
components in each lamina are approximated by a quadratic function of 
position in the thickness direction. Upon assembling the laminae into 
a plate, the free vibration problem is solved, yielding natural fre-
quencies, mode shapes, and the associated dispersion relations. The 
transient impact problem is then solved as a linear combination of the 
normal modes. The primary disadvantage of this approach is the require-
ment that, due to the nature of the impact loading, a large number of 
modes must be obtained to insure accuracy. 
In an approach by Moon [3,4,5] and Kim and Moon [6], displacements 
in each layer are represented by a Legendre polynomial expansion in the 
thickness direction. A set of equations of motion is obtained for each 
layer, and the layers are assembled to yield a set of equations in which 
interfacial displacements and stresses are explicit unknowns. Equations 
are solved using integral transform techniques. The advantage of this 
method is that the use of integral transforms enables the efficient 
determination of transient solutions without the necessity of first 
9 
obtaining modal solutions. in the work described in [6], however, 
the results are restricted to the case of line impact on a plate 
consisting of a series of orthotropic layers, all of which are identical 
as to material properties and orientation. 
In this work, the basic approach of Moon will be followed, due to 
its efficiency in the handling of the transient impact problem. However, 
the formulation will be generalized to include full three-dimensional 
impact on a plate consisting of a series of orthotropic layers, each 
of which may have its axes of material symmetry oriented in an arbitrary 
direction with respect to the plate axes. This last generalization is 
of particular significance in the study of delamination. Takeda, 
Sierakowski, Ross, and Malvern [7] observed experimentally that delam-
inations occur in [(00 ) 5 / (900 ) 5 /(0° ) 5 1 laminates only at the two inter-
faces where the fiber directions change. Furthermore, a study of the 
effects of fiber lay-up and stacking sequence on magnitudes of inter-
laminar stresses requires this generality in the formulation. 
Analysis of a Layer  
The coordinate system for a layer of the plate is shown in Figure 6. 
The infinitesimal strain tensor 
E k4 = /1 (Gi k,t Lki , k) 
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The layer is assumed to be orthotropic; hence, there are 9 independent 
elastic constants. However, since the principal material axes do not 
in general coincide with the x
1 and x 3 
directions (x
2 
is a principal 
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where C. are functions of the 9 independent constants and the lay-up 
angle 0. 
Displacement components u, are expanded in terms of Legendre poly-
nomials in the thickness direction, 
U )310 	U., (x.,x3,t) P,(n) 	Y/z sT)- 	( Li) 
A = 
	
(n) 	 XL 
From the variational formulation of the equations of motion, 
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(s ) 
Equation (4) is substituted into (5) for the u., and integration is 
performed in the x
2 
- direction to yield the stress equations of motion 
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By substituting stress -strain equation (2) with kinematic equations (1) 
and displacement expansion (4) into (6), an infinite set of equations of 
motion in terms of u
1 
(0) 	
U (0) , 1_13 (o) 	111 (1) , , are obtained. In 
order to reduce the complexity, terms through n - 2 only are retained. 
Furthermore, in the equations for the second mode, all second derivatives 
of u.
(2) 
 are set to zero, as in L6]. This eliminates coupling with modes 
higher than n = 2. Note that x 2 dependence of field quantities may be 
well approximated by the remaining terms, providing the plate Is divided 
into a sufficient number of layers; the approach is reminiscent of a 
finite element approximation in the thickness direction. The equations 




, and u 3
(2)
, sub- 
stituted in the equations for n=0, 1, to yield the following six 
equations of motion for the layer: 
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In the above equations, + and - denote stresses on the 'T = + 1 and - 1 
surfaces, respectively. 
It should be noted that, for the case of plane strain (u 3 = 0, 




(7a, b) and (8a, b) reduce to the equations of motion given in [6]. 
However, in contrast to [6], [7c] and [8c] are not identically zero in 






non-zero in this more general case of arbitrary fiber orientation. 
Plate Analysis  
Equations (7) and (8) for a single layer are now assembled to yield 
a set of equations for the plate. Since 
(e) 
U. 
(0 P, (1) 
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expressions for the interlaminar displacement components may he written 
as 
(6) t- 	(I) 	(t 
LI . 	U. 	- t4 • 4- Li 




(7 = - 1). Substituting (10) into 
(7) and (8) yields the equations of motion for a layer explicitly in 
terms of interlaminar normal and shear stresses and interlaminar dis- 
placements. When the corresponding equations for each layer in the plate 
are assembled, the required continuity conditions for interfacial stresses 
and displacements are automatically satisfied. 
Solution Technique  
In order to complete the analysis, a Laplace transform in time and 
a Fourier transform in space will be applied to the set of governing 
equations for interfacial stresses and displacements. Stress boundary 
conditions corresponding to an impact-type loading will he applied, and 
the solution for the transformed variables will be obtained. Inverse 
transformations will then be numerically determined. This work is under-
way at this writing. 
4. Delamination Damage Growth  
Low velocity impact on composite laminates generally causes fiber 
breaking, matrix cracking and delamination. Among these three, delami-
nation appears to be the dominant energy absorbing mechanism in dynamic 
fracture [7]. Furthermore, it is associated with the significant reduc-
tion in the residual strength of the laminate to subsequent compressive 
static loading or cyclic loading. Damage characterization and the pre-
diction of the residual strength, which form the main objective of the 
present study, should therefore be based on an analysis of delamination 
growth. 
15 
Two studies on the criteria of delamination growth have appeared 
recently [8, 9]. These works are based, respectively, on analytical 
and finite element methods applied to a one - dimensional buckling 
problem of a delaminated layer. Tn the latter work, the mode I and 
mode II energy release rates are calculated numerically for various 
combinations of the delamination lengths and compressive loads. The 
former work yielded an analytical. expression for the energy release 
rate, but the rates associated with the two fracture modes were not 
separated. In so far as the results of these two works can be com-
pared, their conclusions appear to be In general agreement. 
Both works assumed or implied continued growth of delamination 
within a single interlaminar plane. The possibility that the growth 
of delamination may shift from one interlaminar plane to another when 
the delamination flaw reaches and intersects an existing transversal 
matrix crack was not considered. Such a matrix crack may exist as an 
initial flaw but could be, and more likely was, generated by impact. 
That delamination growth with an abrupt shift of the delamination face 
is not only possible but probably a common phenomenon is suggested by 
some recent observations on experimental results [10]. 
According to the results of [9], the (dominant) mode I energy re-
lease rate first increases and subsequently decreases as the delaminate 
length continues to increase. Tt is also clear that for a thinner 
delaminated layer, the peak energy release rate is reached earlier. 
Hence if the growth of delamination is confined to the original inter- 
laminar plane, it usually tends to become stable or is eventually arrested. 
However, if delamination growth shifts from one interlaminar plane to an 
inner plane, then the thickness of newly delaminated portion abruptly 
16 
increases and a larger amount of strain energy is released per unit 
area of delamination. Furthermore, in this case the lack of symmetry 
implies that the mode II energy release rate, which does not decrease 
with delamination growth [9], may become significant. These two factors 
can contribute to an accelerated and unstable delamination growth. 
The foregoing arguments suggest that a correct prediction of the 
laminate residual strength should be based on (i) a damage character-
ization including delamination shape and size, delaminated layer thick-
ness, and distance to the impact generated matrix crack, (ii) an 
analysis of the buckling of a delaminated layer with a thickness dis-
continuity (stepped layer model) and the calculation of energy release 
rate associated with this model. 
Let a stepped delaminated layer consist of two portions with lengths 




> (h h l), respectively. Let x and t 
be the distances of a cross-section of the layer from the two fixed ends 
of the layer, so that x = a and t = b at the junction of the two portions. 
Then, under a compressive force P per unit width of the layer, the 
lateral deflections of the two portions may be expressed, respectively, 
in the form 
v(%) = Ajk (7— -1- sih A%) -fit (M-6) A 1- 13 112— hi 3. 	 co,5 7,..)0 
-for o 	x 	, 	(1.) 
W t )7.- A (5411A. j --)Lq) — 0 — C-42-5/4r 	-far 0 3 6 • 
where A and p are proportional to P 1/2 
P 	Ek, 3 	p 	E112  
2•-z c 1— P 7) frz iz (z) 
and, for simplicity, the buckled layer is assumed to be isotropic with 
17 
elastic moduli E and v. Anisotropic layers may be considered by 
introducing additional elastic moduli. The coefficients A and B 
in the expressions of v(x) and w(t) are given by 
A = n z 	sim 	54‘yi 4_ ( co 	So 	 _ALt 00 AL') 2. 5 2 
13= --k* 2-A (L—h) 	A C iz f 	(a+6) .- !("Cfri A4- 1 
— /\ cos 	Ot 	/1(  $ tlA - cos /Y-2--t 
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Q` Z 	( c-vs AA. CAStt 6) -f- (AL-f-42) 5k A kt 5 ty"-Jo 
(4.4-1) (A (10.s/a 19 51\k X ek_ 	 c-5 ok-) 
Substituting the expressions (2), (3) and (4) into (1), we find that 
the lateral deflection of the delaminated layer depends on the compress-
ive load per unit width of the layer, P, and the given geometric and ma-
terial parameters E, v, a,b, h l and h2 . 
P is related to the compressive strain e o in the unbuckled portion 
of the laminate by the relation 
E°( 	k 	lr /61) 24( 	(W 	. 	(5) E ht Jo 	 Jo 
The most critical condition of delaminate growth proceeds with an 
increase in the length of the thicker portion. Hence, for a given com-
pressive strain e
o 
in the main body of the laminate and for a fixed length 
a, the total strain energy of the delaminated portion should be expressed 
as a function of the length of the thicker portion b. The analytical 
expression requires complicated functional inversion. The strain energy 
release rate, which is the derivative of the total strain energy with 
(4) 
18 
respect to b, may be obtained numerically for each given pair of 
(8
o
, b). In an actual composite laminate, the functional relation 
depends on layer anisotropy and ply orientation. 
It is expected that numerical calculation may yield an appreci-
ably larger energy release rate for the stepped delaminated layer at 
given values of g
o
, a and b, compared to the energy release rate of 
a uniform layer of thickness h 1 and length a. + b. The maximum value 
of eo 
under which the delamination growth of the stepped layer is 
arrested or becomes stable will be used as a measure of the residual 
strength of a laminate with delamination flaws. 
In summary, delamination growth has been identified as the major 
factor affecting or determining the residual strength. It is pointed 
out that the shifting of delamination growth from one interlaminar 
plane to an inner plane may occur along an existing transverse matrix 
crack. This enhances the strain energy release rate as well as the 
importance of its mode II component. The one-dimensional buckling 
problem of a stepped delamination layer has been formulated and the 
solution procedure outlined. The execution of the procedure will 
deliver quantitative measures of the residual strength under static 
and cyclic loading, when reasonable fracture criteria are incorporated. 
In a more detailed formulation the effects of layer anisotropy and ply 
orientation on thedelamination growth of a stepped layer model can be 
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Marietta, Georgia 30063 
Subject: Research Grant P. 0. No. CY48335 (Ga. Tech Project No. E-23-624) 
Progress Report (4/16/82 through 6/15/82) 
Dear Mr. Dickson: 
During the subject period, emphasis has been made in seeking solutions 
of the problems based on the general formulations discussed in the previous 
progress report (1/16/82 thru 4/15/82) for the propagation of stress wave in 
elastic composite plates, and for the delamination of the stepped-layer model. 
The following represents a summary of the progress of research under the 
subject grant, and more detailed discussions are also enclosed: 
(1) As indicated in the last progress report for the transient impact 
problem concerning the propagation of stress wave in elastic composite plates, 
Laplace transform in time and Fourier transform in space will be considered 
in determining interfacial stresses and displacements. The transformed 
equations exhibit a heavily banded coefficient matrix; an effective scheme 
for determining the transformed variables as the first step of the analysis 
has been used and tested with satisfaction. It is commonly known that the 
numerical determination of the inverse transformation is a difficult task. 
Efforts are being made to explore, evaluate, and/or extend the existing 
schemes, procedures as well as computer programs concerning fast Fourier 
transform suitable for the present problem. 
(2) Stepped thin film delamination model has been formulated. While 
the general solution for determining the deformation and strain energy can 
be obtained explicitly, it becomes extremely complex to arrive at an explicit 
expression for determining the strain energy release rate, Ga. The effect of 
AN EQUAL EDUCATION AND EMPLOYMENT OPPORTUNITY INSTITUTION 
Mr. John N. Dickson 
June 15,1982 
Page 2 
misalignment of the middle planes of the two portions of the stepped layer 
which was thought to be negligible, has been neglected. The general solution 
for calculating G has been obtained. Inasmuch as the resulting expression 
for calculating G
a 
 is lengthy, the derivation is being checked independently, 
and a computational scheme is being planned for subsequent computer programming. 
A separate attempt to determine G through numerical differentiation is being 
made also. Limited numerical results lts generated from an Apple II microcomputer 
show favorable agreement with our conjecture. 
Sincerely yours, 
R. K. Kunz, Assistant eaessor 
I 
0. T. ,S. Wang, PrIoffessor 
L. Yin, Assoc ate Professor 
ew 
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The Period April 16 through June 15, 1932 
by 
R. K. Kunz, J. T. S. Wang, Lnd W. L. Yin 
School of Engineering Science and Mechanics 
Georgia Institute of Technology 
Atlanta, Georgia 30332 
1. Wave Propagation Due to impact in Laminated 
Composite Plates 
Analytical and numerical work aimed at studying the propagation of 
impact-generated transient stress waves in a laminated plate has been 
continued. As described in the previous report, an approach developed 
by Kim and moon [1] has been adopted and generalized in order to calcu-
late interlaminar stresses and displacements in a plate with arbitrary 
material properties and stacking sequence. The ability to determine 
interlaminar stresses undr a variety of impact conditions and plate 
designs is of primary importance in predicting the onset and extent of 
impact induced delamination. 
1.1 Analysis of a Layer 
In the previous report, the basic equations of motion of a layer 
were obtained in terms of displacement functions. In this formulation, 
diaplacementoomponentsu.were expanded in terms of Legendre polynomials 
in the thickness (x2 ) direction, 
tt * ( x„ x t , 	 ()C 	t) P„( 71) 	 XL/6 	(1.0 
n= o 
where 2b is the layer thickness and x x
3 
are the in-plane coordinates. By 
truncating the series (1.1) after n = 2, the approximate equations of motion 
for a single layer were obtained in terms of n i (0) , u i (1) (i = 1,2,3), and 
the stress components T 12 , 1 22
,
23 
on the layer surfaces. These equations 
_were recorded in the previous report as equations (7) and (8). 
The-next step requires re-writing the equations for each layer in a 
form such that they may 1)e assembled into a set of equations for the plate. 
From equation (1.1), after truncation, the displacements at the layer surfaces 
co 
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may he eliminated from the layer equations of motion in favor of the 
surface displacements of the layer. The resulting equations for layer n 
are as follows: 
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In equations (1.3) and (1.4), u 
n 




 are the x 	x2, x
3 displacements 
at the nth interface (the zeroth interface being the top surface of the 
plate); C
. 
are the elastic constants of the nth layer; and T
ij 
represent • 
the stresses on the nth interface. 
Equations (1.3) and (1.4) are the final approximate equations of 
motion for a layer in the form of difference-differential equations. 
Variation of all field qualities has been discretlzed through the thickness; 
in-plane coordinates and time remain as continuous variables to which integral 
transforms will he applied. Since the unknowns appearing in equations (1.3) 
and (1.4) are the surraee displacements aLd surface stresses for layer n, 
the required continuity of interlaminar displacements and stresses is auto-
matically satisfied when die sets of equations for all N layers are assembled. 
3 
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1.2 Transformation and Solution Tesynialte 
Equations (1.3) and (1.4) arc von transformed, using the Laplace 
transformation in time and the Fourier transformation in space. By 
using the properties of the transforms of derL atives, the equations are 
reduced to a set of linear algebraic difference equations in terms of 
transformed interfacial streses and displacements, and the transform 
variables. The initial conditions and the boundary conditions at 
infinity are incorporated into the set of transformed equations. 
Upon trahl;forming, the tollowin;!, set e equations results for 
layer n: 
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In equations (1.5-1.7), kl and k3 are the Fourier transform variables, 
s is the Laplace transform variable. A capital letter denotes a trans-
formed quantity, e.g. 
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Equations (1.5) represent the transformed equations of motion for 
the nth layer. When the resulting set of equations for an N layered 
plate are assembled, the result has the banded form: 
o l ] 	R ,1 
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Equation (1.9) represents a set of 6N equations for 6(N + 1) unknowns. 
For the case of known normal impact loading, the boundary conditions at 
the free surfaces of the plate assume the form 
' 	S 
N 
::"C 	Tit - 2.3 	r t./ 
where a is the known loading function. These boundary conditions, when 
transformed, provide the 6 additional equations necessary to complete the 
system. 
The simplicity of equations (1.10) allows one to directly eliminate 
To 	To 	To 	TN 	TN T23 from equations (1.9), 
22' 12' 23' 12' 22' 	23 
equations in 6N unknowns having tiw general form: 
leaving a set of 6N 
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In equation (1.11) the submatrices have the following dimensions: 
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(where 2: is the transform of the loading (unction c), and all other 
elements on the right-hand side of (1.11) are zero. 
Equation (1.11) is in a form referred to as "block-tridiagonal" for 
which an efricient solution algorithm exists [2]. The algorithm involves 
factorizing the coeificient matrix in (1.11) into lower and upper diagonal 
1 
factors, before solving for the unkuowns. By using this factorization 
technique, no more than six equations at a time need be solved simultaneously. 
In order to solve for the interlaminar stresses, then, the following 
procedure must be implemented: equations (1.13) must be solved repeatedly 
for ranges of values of the transform variables k1, k3, and s; solutions, 
in the form of transformed interfacial stresses and displacements, are 
stored; actual interfacial stresses and displacements must then be obtained 
by numerically inverting the transforms. This last step will be accomplished 
using the Fast-Fourier Transform (Cooley-Tukey) algorithm [3]. Progress 
made to date in effecting such a solotion is described in the next section. 
1.3 Plate Subjected Lo iLine 
• 
In order to Lest the ):,( tecal proce(lace on a score L41oageable set of 
cases than the .;enerLC probicv of 	 Lqpat, the two -dimensional 
analogue-a plate subjected Lo line - imp:;ct loading - will be investigated 
first. It is hoped that chis will have the advantage of bringing to light 
early some of the numerical pitfalls to be encountered in the more compli- 
cated three-dimensional case, as well as possibly providing numerical results 
of some practical interest. By considering the simpler case first, much of 
the numerical testing can be done on a smaller system of equations, thus 
saving on computation time. Computation costs for the general 3-D problem 
may then be estimated from these encountered in the 2-D test cases. Once 
the simpler case has been. successfully imoismented, it should not be a 
difficult matter to expand the program to handle central impact problems. 





 - 0; and all partial derivatives with respect to x
3 
are zero. The governing equations for this subeet of problems may be easily 
' obtained direetl -j from those YE:corded above for the three-dimensional analysis, 
and will not be listed here. The essential differences arc that the 
sub-matrix blocks in the two-dimensional analogue to equations (1.11) 
are 4 x 4 rather than 6 x 6; the unknowns are U , Vn' 2 Tn2' 1 T
n 
2' 
n = 0, N; 
and the coefficients depend on s and the single space-transform variable 
k i , rather than on k l and k3 . 
At the writing of this report, a FORTRAN computer program for 
determining the i.nterlaminar stresses and displacements for the 2-D 
,case is being developed. A subroutine for solving the two-dimensional 
analogue to the block-tridiagonal system (1.11) has been written and 
tested. Work is currently progressing on the development of a routine 
to calculate the inverse transforms. 
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2. Delamination Growth and Residual Strength 
2.1 Stepped  thin film delamination 
In the previous report, it was pointed out that impact-generated delamina-
tion plays a significant role in the redaction of the residual strength of the 
laminate under compressive static and cyclic loads. The analytical studies 
available in the current literature [4-6] are restricted to the growth of a 
delaminated layer of constant thickness. Typically, a fracture criterion is 
used in which the energy release rate a:1st) fated with the growth of delamination 
Is compared with ;, 	 ealue. lhis expetlTaentally determined critical value 
determines whether delamination eontinties to grow under a fixed static or cyclic 
load. 
Results obtoiniA by Chni et al. L4] 	by Whitcomb [6] indicate that for 
a laminate under fixed compressive load (or strain), the energy release rate of 
a delaminated film reaches a maximum value at a certain delamination length. 
The energy release rate is small if the delamination length is either too small 
or too large. Therefore, an impact - generated delamination with relatively small 
length-to-thickness ratio will not grow, and one with relatively large length-
to-thickness ratio will grow at first and then cease to grow (or will grow stably 
under cyclic load) when the energy release rate decreases below the critical value 
If this is the case, the theory presumes that the specified laminate compressive 
load (or strain) does not exceed the laminate residual strength. 
However, we point out in our previous report that, if the delamination face 
intersects an exktire trinlsvere matrix crack at a certain stage of delamination 
growth, further growth of delamination may shift from one interlaminar face to 
an interior ore. The stepped delamination layer which is used to model this 
type of growth will yield a higher value or the ener gy release rate, as compared 
10 
to the continued growth of the uniform layer along the original interlaminar 
plane, because the dolimination of a thicker layer is associated with a larger 
amount of released strain energy. This implies that, under a given laminate 
load, the uniform layer model may predict lack of growth of an existing delami-
nation but the stepped-layer model may predict continued growth. Therefore, the 
residual strength of an impact-damaged laminate may be governed by the conclusions 
of a stepped-layer mode. 
2.2 Formulation of the stepped-layer model 
Formulation of the stepped-layer model requires an elastic post-buckling 
analysis which is considerably more complicated than the corresponding analysis 
of a uniform layer. A preliminary outline of the analysis procedure was given 
in the previous report. In the following, we develope and discuss the analysis 
with some detail. 
The post - buckling analysis of the stepped layer may be greatly simplified 
by introducing an approximation, i.e. by ignoring the non-alignment of the middle 
planes of the two portions of the layer. Under this assumption, the axial force 
in the buckled layer remains constant, while the lateral deflection of the layer 
increases with the compressive strain in the main body of the laminate. If the 
two portions of the stepped layer have thicknesses h, and h 2 , lengths a and b, 
and effective elastic moduli E l , 	E2 and P2 , respectively, and if we define 
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then the buckling load P (force per unit film width) is determined by the equatio 
z4 (I— casxc05- y) f (i t ig E).5;--)X ;/-) y 
	
- (4 	y)( ..1;,-) X C-oi y-o- dcosX S; ,-7)-="-C) 	(.Z. z) 
This equation can be solved numerically for P. Then x and y are obtained from 
Eq. (2.1 h, c). 
When the compressive strain C o in the laminate is sufficiently large, the 
stepped layer buckles. We assume that the flelnmination thickness is considerably 
smaller than the laminate thickness so that the buckling of the layer does not 
cause bending deformation to the remaining pottioh of the laminate. The strain 
energy of the buckled laves consists of a part due to membrane compression and 
another part due to bending: 
U= 14,7 # U6 
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2 .3 Calculation of ripe strain energy re lease ra te 
The strain energy Te,:lease rate C is given by 
Gez IL 	2 6.02 - ( 2 .4) 
Since in Eq. (3) L is given in terms of two variables P and b which are related 
by Eq. (2.2), an analytical expiession for dt)/db must be obtained by using the 
chain rule of differentiation. We obtain 
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With given mnterlal elastic moduli and 	valucs of h
l' 
 h2 , a and eo , 
we calculate the buckling load P of the stepped layer as a function of the length 
b by using Eq. (2.2). From Eq. (2.5), we then calculate Ga as a function of b. 
The results are then compared with the energy release rate 6 of a uniform -thick 
layer: 
Ge: ( 6 ) = f/z4i Co — 	 {(0 (Z.4) 
To give some indication of the validity of our conjecture, an example based 
on the following data is considered: 
ct- / fr7 . 	A2 / 	0. 0 / , 	0.0 2 ,',7 • 
E E2 
Based on numercial differentiation, results presented in Fig. 1 show favorable 
agreement with our conjecture. 
E, 4, 3 
0,04 	D 
L 	I 	_I 
0.5 
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2.4 Multiple delamination 
Impact of foreign object on a composite laminate may cause delamination in 
more than one interlaminar faces. When the laminate is subsequently subjected 
to compressive strain 6 o , parallel thin layers separated by delamination may 
buckle independently or interactively. Mese layers may be considered together 
as a single relatively thick layer whose bending stiffness is considerably re-
duced by the existence of internal. delamination. Analysis of multiple delami-
nation resembles in many aspects the analysis of a stepped layer, and may also 
predict continued growth of damage under a laminate compressive load which, on 
the basis of a single uniform-thickness layer itellysis, is presumed smaller than 
the residual strength. 
15 
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TEEN 	 April 19, 1983 
Mr. John N. Dickson 
Department 72-77 
Mail Zone 415 
Lockheed-Georgia Company 
Marietta, Georgia 30063 
SUBJECT: Research Grant P.O. No. CA08738 
Georgia Tech Project No. 5-23-624 
Progress Report (2/1/83 through 4/15/83) 
Dear Mr. Dickson: 
During the subject period, emphasis has been made to _xtend research 
work completed in the first phase of the research grant under P.O. No. 
CY48335 for the period from January 16 through September 15, 1982. With 
reference to the list of proposed areas of investigation attached to our 
letter to you on November 16, 1982, the present studies have been dir7ted 
to the three-dimensional analysis of laminates under point load, general 
one-dimensional delamination, and growth of two-dimensional delaminations. 
The following represents a summary of the progress made under the subject 
grant during the subject period, and more detailed discussions are also 
enclosed: 
I. Wave Propagation Due To Impact: 
Three-dimensional wave propagation in laminates under point impact load 
has been initiated. The basic procedure using Fourier and Lapla,e 
transforms in the analysis of the two-dimensional case reported previously 
is followed with appropriate extensions. A Fortran computer code is being 
generated. As the source of difficulty lies in computer tL ,:-cution time and 
storage limitations, it is necessary to extensively modify 0-- program 
written for the line impact problem. However, no limitation on the 
usefulness of the solution technique is expected. 
II. Damage Growth: 
In the second phases of the research activity on analytical models of 
delamination growth, the following three topics were identified as the 
subjects of primary interest: 
(i) Study of the growth of general one-dimensional delamination on 
the basis of strain energy release rates by taking into account 
the buckling-induced bending and axial deformation in the main 
body of the laminate. 
A Unit of the University System of f;norqi,1 	 N .. Equal Education and Employment Opportunity Institution 
Sr 
(ii) Parametric study of the growth characteristics of one-dimensional 
delamination. 
(iii) Determination of the strain energy release rate associated with 
the growth of a two-dimensional delamination. 
Beginning with the implementation of the second phase of this research 
project, significant analytical progress and conceptual generalizations 
have been achieved during the last quarter. Specifically, the following 
results were obtained: 
(1) Closed-form expression of the strain energy release rate C 
associated with the growth of a general one-dimensional delamina-
tion (Eq. (2.8) of the new report). 
(2) Separation of G into mode I and mode II components (Eqs. (3.6) 
and (3.5), containing an undetermined function of the thickness 
ratio) by means of dimensional analysis. 
(3) Closed-form expressions of C associated with uniform expansion 
growth of a two dimensional thin-film delamination of circular 
shape (Eq. (4.7)) and of arbitrary shape (Eq. (5.3) and (5.2)). 
The expressions were obtained by means of the surface-independent 
M-integral of Eschelby, Knowles and Sternberg. 
Furthermore, our expression of G for a general one-dimensional 
delamination includes the known formula for a thick-column model (Chai, 
Babcock and Knauss) and the formula for a symmetric double-cantilever beam 
as special cases. Our expression of G for the uniform expansion growth of 
a two-dimensional delamination suggests corresponding results in more 
general modes of growth. 
As a consequence of these achievements, the strain energy release rate 
associated with delamination growth can be evaluated straightforwardly in 
terms of the post-buckling solution of the delamination. The procedure of 
numerical differentiation of the total potential energy with respect to 
geometrical parameters is rendered completely unnecessary. 
We intend to implement extensive computation and parametric study on 
the basis of the foregoing analytical results to investigate the conditions 
and characteristics of delamination growth and thereby to provide a basis 
for evaluating damage tolerance of composite structures. 
Sincerely yours, 
R. K. Kunz,- Assistait Professor 
- 
S. X717, Pro_aaaol. 
W. L. Yin, Ass iate Professor 
vt 
Lockheed-Georgia Company 
Research Grant P. 0. No. CA 08738 
(Georgia Tech Project No. E-23-624) 
Damage of Composite Structures 
Progress Report (2/1/83 - 4/15/83) 
April . 
by 
R. K. Kunz 
J. T. S. Wang 
W. L. Yin 
School of Engineering Science and Mechanics 
C.2crgia Institute of Technology 
Atlanta, Georgia 30032 
Part I 
Wave Propagation DIW to Tmpact in liminated Composite Plates 
R. K. Knnz 
The primary emphasis of this segment of the project has been toward an 
analytical and numerical study of the transient dynamic stresses in corn- 
. 	posite laminates subject to impact. Calculations of the transverse and 
longitudinal propagation of interlaminar stresses subsequent to impact are 
expected to yield critical information on the initiation and the extent of 
impact-induced delamination in composite laminates. Principal objectives 
of this phase of the project ;ire the identification of those material and 
geometric parameters which are critical to the delamination phenomenon, and 
the explanation of experimentally observed delamination patterns in speci-
mens subject to impact testing. 
Previous reports [1,2] have dealt with the formulation of a set of 
difference-differential equations approximately governing the dynamic propa-
gation of stresses in a multi-layer plate, of which each layer is ortho-
tropi.c with principal material axes lying at an arbitrary orientation in 
the plane of the plate. This generality, which is absent in prior 
investigations into the problem [3], enables one to fully investigate the 
effects of stacking sequence on the transient behavior. The governing 
equations may be transformed into a set of Linear algebraic equations by 
employing the Fourier transform in the in-plane spatial coordinates and the 
Laplace transform in time; the unknowns in this set of equations are the 
interlaminar stresses and displacements in the transform space. Upon speci-
fication of the impact boundary conditions on the free surfaces of the 
plate, the algebraic equations are solved. Finally, the inverse transforms 
are calculated numerically using the Fast Fourier Transform technique, to 
yield the interlaminar stresses and displacements at discrete values of 
position and time subsequent to impact. 
These techniques were employed successfully for the case of line-
impact loading, or two-dimensional propagation, and the results reported in 
[4]. The principal conclusions obtained from that study may be briefly 
summarized as follows: 
i) Immediately subsequent to impact on the top surface of the plate, 
a compressive wave propagates through the thickness; when it reaches the 
bottom surface, it is reflected as a tensile wave. It apptLars from this 
that delamination is initiated, and will be most extensive, directly under-
neath the impact zone at the interface furthest from the impact surface, 
due to these reflected tensile stresses. This conclusion is consistent 
with experimental results. 
ii) As these tensile stresses do not propagate longitudinally, the 
spread of the delaminat o d area in the longitulinal direction must be due to 
the propagation of slower flexural waves generated subsequent to impact. 
This too agrees with certain experimental findings [5]. 
The numerical solution of the equations vverning line impact has thus 
provided some useful results, and has established some measure of confi-
dence in the approximations made in the derivation of the governing equa-
tions and in the numerical techniques employed for their solution. 
However, several unanswered questions remain, particularly concerning the 
directional dependence of longitudinal propagation of the de laminated areas 
on fiber orientation, which cannot be resolved on the basis of a 
two-dimensional analysis. Therefore, the present work has been directed 
toward extending the solution to the case of central impact, or three-
dimensional propagation of stresses due to point loading. 
Solution of the central imps t problom is of interest because it cor-
responds physically 	the most probable typo f impact loading. Due to 
the generality incorporated into the mathematical problem formulation, 
results may be obtained for arbitrary material properties and layer stack- 
. ing sequences. Numerical results obtained from this work for the dynamic 
interlaminar stresses should thus aid in the identification of critical 
material and geometric parameters influencing the extent of delamination 
caused by impact. 
The approximate equations governing the three-dimensional propagation 
of stresses in a multi-layer plate were presented in detail in [2]; only 
their basic forms and considerations necessary for their solution will be 
given here. The transformed set of governing equations for the nth layer 
(n = 1 to N) have the form 
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are the transformed interlaminar displacements at -ICJ stresses at the nth 
interface, defined from the physical components of displacement and stress 
through a transformation of the form 
=Jerr° 
0 -co -CO 
u.„(x„x 3 ,t)e)Lp [ - st 	(k,x, 4- k 3 X 3 )3 	cht 3 cdt ") 	(3 ) 
xl and x3 are the in-plane coordinates; [An ] and fB a l are each 6 x 6 
submatrices whose elements are complex, and depend on the orthotrilic 
elastic constants of layer n, layer thickness and density, and the 
variables k1, k3 and s. Boundary conditions corresponding to normal impact 
on the top surface (n = 0) have the form 
Tal 	(1<„ 	5) 
Tu.° = 	7:21 = = TaN3 = 0 
where H is the transform of the loading function, presumed known. 
equation (4) is incorporated into (I) to eliminate stresses; at the top and 
bottom surfaces, the result is a set of 6N equations for the remaining 6N 
unknown stresses and displacements. This set of equations has a so-called 
block-tridiagonal form, for which a reasonably efficient solution algorithm 
may be implemented. 
The solution procedure for the final determination of the interlaminar 
stresses as functions of position and time for the analogous two-dimensional 
case was discussed in detail in [2] and [4]. This basic procedure is also 
followed in the three-dimensional case, with appropriate extensions, and 
may be summarized as follows: 
(i) Elastic constants for each layer are computed, based on the fiber 
orientation and the orthotropic constants for that layer. 
(ii) Co e fficients in [A n ] and [B il l, equation (1), are calculated for 
a specific value of each of the transform variables kl, k3, and s. 
(iii) The linear algebraic equations are solved for the unknown, 
transformed interlaminar stresses; the solution is stored. 
(iv) Values of k1, k3 and s are varied, and steps (ii) and (iii) are 
repeated until appropriate ranges of the three transform variables have 
been covered. Step sizes for the transform variables are determined by the 
time and spatial intervals over which change are to be observed. 
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(v) The stored solutions for each of the transformed interlaminar 
stresses corresponding to discrete values of the transform variables kl, k3 
and s are used in the Fast Fourier Transform algorithm to obtain the physi-
cal interlaminar stresses at discrete values of position and time. 
This basic solution procedure was successfully implemented in the nume-
rical solution of the line impact problem. Hence, many of the difficulties 
and pitfalls to be faced in solving the central impact problem have already 
been encountered in the solution of the two-dimensional case. The primary 
source of potential difficulty in the implemeutatien of the above solution 
procedure for the three-dimensional case lies in computer execution time 
and storage limitations. However, it is felt that, with efficient pro-
gramming, and by taking advantage of certain symmetries and antisymmetries 
in the governing equations, these limitations will not impose binding con-
straints on the usefulness of the solution technique. 
At this writing, a Fortran computer code is being generated for the 
implementation of the solution algorithm outlined above. To accomplish 
this, it necessary to extensively modify the program written for the line 
impact problem, in order to generate and solve the larger set of equations, 
and to incorporate the additional spatial dimension into the Fourier 
transform inversion. 
In addition to the completion of the numerical work for the study of 
three-dimensional wave propagation, a few other areas demand further 
attention in order to extend our understanding of the impact-induced delami-
nation phenomenon. It would be useful to search the literature for a 
suitable dynamic delamination-failure criterion which could be incorporated 
into the wave propagation study; together, these could perhaps yield more 
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quantitative information as to the extent of the delamination as a result 
of a specific impact event. 	In addition, [he effects of compressive 
in-plane pre-loading on a plate subject to impact should be investigated. 
These are both areas of potential future investigation which may yield 
valuable information on the factors affecting delamination. 
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Part II 
Strain Energy Release Rate in Twlamination Growth 
J. T. S. Wang anl W. L. Yin 
Abstract Extending the work of our previous report, the strain energy 
release rate associated with the growth of a general one-dimensional 
delamination is obtained by evaluating the J-integral while taking into 
account the bending deformation of the laminate. Partition of the energy 
release rate into its mode I and mode II components is achieved by means of 
dimensional analysis and the resulting expressions contain an undetermined 
function of the ratio of the thickness of the delamination to that of the 
laminate. Buckling and uniform expansion growth of a thin-film circular 
delamination is analyzed in detail. By evaluating the M-integral, we 
obtain an expression of the strain energy release rate associated with 
uniform expansion growth of a two-dimensional delamination of arbitrary 
shape in terms of the laminate strain mid the normal and tangential forces 
and the bending and twisting moments acting on the boundary of the 
delamination. 
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1. Introduction  
In the previous report, we adopted an approach based on the critera of 
critical energy release rates to determine the growth characteristics of 
one-dimensional delamination in a composite laminate subjected to 
compressive strain. There are many compelling reasons for preferring an 
energy release rate criterion. The First is its utmost mathematical 
simplicity, since the strain energy release rate is a scalar quantity. 
Secondly, although the energy release rate essentially depends on the 
singular stress field near the boundary of delamination, it is a global 
quantity and as such is not entirely determined by the local condition at 
any particular position. Furthermore, the energy release rate is not 
merely a function of the present geometry of delamination and of the 
distribution of stress; it depends also on the instantaneous mode of damage 
groWth. The last feature is particularly valuable because it suggests the 
feasibility of predicting the actual mode of damage growth by comparing the 
energy release rates associated with various possible modes of growth. 
In the special case of one-dimensional delamination, the strain energy 
release rate associated with delamination growth can be evaluated 
straightforwardly, in terms of the laminate strain and the axial force and 
the bendng moment at the moving front of delamination, by using the method 
of J-integral. Thus a solution of the post-buckling problem of the 
delaminated layer immediately yields the energy release rate associated 
with the growth of a one-dimensional delamination, and the procedure of 
analytical or numerical differentiation as required in the analysis of Chai 
et al. [1] is rendered completely unnecessary. The method of J-integral 
was used in our previous report [2] to evaluate the energy release rate of 
-s • 
a thin-film delamination. In Section 2 of he present report, we apply the 
same method to obtain the energy release rate of a general one-dimensional 
delamnation which takes into account the bending deformation of the main 
body of the laminate. It has been demonstrated [1] that there may be 
significant discrepancies between the energy release rates associated with 
thin-film delaminations on the one hand and general one-dimensional 
delaminations on the other hand. 
There are evidences that the mode I and mode II components of the 
energy release rate have different effects upon the growth of delamination. 
In the previous report, a theory of separating these two components of the 
energy release rate was developed for a ono-dimensional thin-film 
delamination on the basis of the invariance of solutions under similarity 
transformatons. The resulting expressions contained an undetermined 
material parameter. In Section 3 of the present report, the method is 
applied, with slight modification in detail, to general one-dimensional 
delaminations. The resulting expressions for mode [ and mode II energy 
release rates contain an undetermined function of the ratio of ti. 
thickness of the delamination to that of tlw laminate. 
In the practically important case of two-dimensional delamination, the 
postbuckling solution of the delaminated layer requires the application of 
von Karman's geometrically non-linear theory of plates. The edge forces 
and moments along the boundary of a two-dimensional thin-film delamination 
are determined by the post-buckling solution. Then the energy release rate 
associated with uniform expansion growth of the delamination can be 
evaluated and expressed in terms of the edge forces and moments and the 
compressive strain in the laminate. 	In deriving this expression we make 
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use of a surface-independent integral callei the M-integral. The 
expression is obtained in Section 4 for the special case of unifom 
expansion of a circular delamination under an axisymmetric laminate load; 
it is obtained in Section 5 for uniform expansion growth of a thin-film 
delamination of arbitrary shape. 
Since the actual mode of growth of a two•dimensional delamnatior is 
assumed to proceed in such a manner as to maximize the energy release rate 
at each stage of growth, it generally deviates from uniform expansion 
growth. Hence the energy release rate associated with uniform expansion 
(as obtained by evaluation of the M-integral) is a lower bound of the 
actual energy release rate. 
The analytical results presented in this report offer a simple and 
rational procedure for studying and predicting the growth of delamination 
damage in a compressed laminate. Following this procedure, extensive 
computation and parametric study may be undertaken in subsequent research 
activity to determine the conditions and 0..1c,w2a of deUmination growth 
and to provide a basis for evaluating 	di,mage-tolerance characteristics 
of composite structures. 
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Part A General One-Dimensional Delamination 
2. Strain energy release rate associated with delamination growth  
Consider a laminated plate, with the middle plane y = 0 and thickness 
t, and containing a delamination which runs across the entire width of the 
plate. The laminate is subjected to an average compressive strain c) in 
the longitudinal direction (the x-direction). The geometry of the problem 
and the loading on the plate are both independent of the z- coordinate. The 
laminate is unrestrained in the z-direction, so that the average value of 
the stress T., vanishes. When the compressive strain E0 is sufficiently 
large, the delaminated layer buckles. This induces extensional and beading 
deformation in the main body of the laminate, as shown in Fig. 1. Such 
induced deformations caused by the buckling of the delaminated layer ar. , 
 negligibly small if the thickness h of the delaminated layer is small com-
posed to that of the laminate, h ‹?;', L. 	This situation defines the 
"thin-film model" introduced in the work of Chai et al. [1], and adopted in 
our previous report [2]. 	In the present report, general one-dimensional 
delamination models are analyzed by taking into account buckling induced 
deformation in the laminate. Numerical solutions of [1] showed that such 
deformation may produce appreciable and even significant effects on the 
calculated strain energy release rate associated with the growth of delami-
nation. 
Although our analytical method can he:straightforwardly applied to 
orthotropic plates and plates with layered structures, the present analysis 
has been worked out in the simpler case of an isotropic plate for the sake 
of conciseness and clarity. Consequently, the linearly elastic behavior of 
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the material is characterized by two elastic moduli, E and P. The post-
buckling deformation and the axial forces and the bending moments in the 
various portions of the laminate can be calculated by using the classical 
beam-plate theory, as was done by Chai et , 	[1]. This solution gives the 
compressive axial forces Pi and bending momonts Mi (i = 1,2,3), per unit 
width of the plate, acting on the cross-section of the delamination and of 
the laminate at the front of delamination (Fig. 2). 	Equilibrium of forces 
and moments requires that 
- Pi t 'P3 	M 	mi m3 t P3 H /2. - 	II A 	(2.1) 
where H = t-11. 
2.1 Two independent load parameters. 
We decompose the system of forces and mom, , nts shown in Fig. 2 into 
subsystems: 
Mt - 	-t- mz. 11 ) p, 
	 ( = c, 2 3) 	(2 . .0 
where the first subsystem is given 1-y: 
, 	- 173 1 = T, 	+ o---D11/44,/4-1 - Pj 
0 	mLc-. NIL- NI (I- -4) 3 	1\13/ -- N3 - H 1 4-3 
	( 2 . 3) 
where h= h/t. 
The second subsystem (Pi" and Mi") produces a continuous itress field 
near the delamination front: 
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The stress intensity factors associated with this subsystem of loading are 
KI" = KII" = 0. Consequently, the stress intensity factors associated with 
the total loading system (Pi and Mi) are the same as those associated with 
■■•• 	 the first subsystem of loading: 
K1 = KI , 	KIT - Kr[- 
It follows that the total loading system (Pi and Mi ) and the first 
subsystem (Pi l and Mi t ) also yield the same mode I and mode II strain 
energy release rates during the growth of delamination: 
Z 	
k- 2 	kill( ri KT 	/ 6 	6 LL  G 
E • 
As a general rule, when evaluating the strain energy release rates associ-
ated with the growth of delamination, any component system of loading which 
generates a continuous stress field near the line of singularity may he 
completely ignored. 
The subsystem of loading given by Eq. (2.3) leaves the undelaminated 
portion free from axial force and bending moment. Under this subsystem of 
loading, the two delaminated layers on the left side of 2 carry equal 
and opposite axial force 
{- 	.+ «-o N 1 7t, 	f>3 	 (2.1-) 
The thinner layer carries tensile toad, P3 I = P* and the thicker layer 
carries a compressive load, P21 = - P. The bending moments in the two 
layers are given respectively by 
■ 
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p*t/L— 	------ (s4,— M, (c- 3 . 
Hence the first subsystem (Eq. (2.3)) contains only two independent 
loading parameters P' and M* , defined respectively by Eqs. (2.4) and (2.5). 
The stress intensity factors and the mode T and mode II energy release 
rates are determined by these two loading parameters. 
2.2 Calculation of the energy release rate  
Under the tensile axial loading P * and bonding moment M* , the thinner 
delaminated layer is subjected to the stress 
Iz tell 	0- 
= 	h -- 	1,3 0 
Since there is no stress and strain in the non--delaminated portion, we have 
3f" 	.= (vi. — T'A 	 • 





( x _ 1_04
6`
E 	 E 	" 
	 ( 2. 7) 
Hence 
ct = 17: (fix (A f 0-7 63_ 	t Tx E 	s 
/ ) = 	(rx 	— (rs C) 	1-0  s 
/L-L 	 h3 
x 	2. 
and the contribution to the J—integral from this layer is 
6/2_ 
6(j. 
I-1P- 	(p t)2 , 	12 (N 4 ) 1- 
.LE h 3 
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Similarly, the thicker delaminated layer,which is loaded by axial force -P * 
 and bending moment P t/2 - M
* , contributes the following term to the 
J -integral 
r (r) 1 S 	=z E 1 -Tr 
cp*-t-&—m)9 7-} 
The strain energy release rate associated with delamination growth equals 
the J-integral along a path in the x-y plane enclosing the tip of delami-
nation. It is given by the sum of the last two integrals since the 
remaining portions of the path make no contribution: 
x-)z- 	k ) 1- f rZ (r. 1 + 
12_ (p * /z-  
E i 	It H 	11 3 
t3 1  (€-- F*)z (1-- - ) (t1) L 	12_ (t 	M49 




are defined in ii•rms of the oiginal loading Pi 
and Mi (i = 1,2,3) by Eqs. (2.4) and (2.5). 
2.3 Results for the thick column model 
In their study of one-dimensional delamination growth, Chai et al. [1] 
considered a "thick-column model" in which the bending deformation is re-
stricted to the thin delaminated layer, while each of the remaining parts 
of the laminate is subjected only to a compressive strain. They obtained a 
closed-form expression for the strain energy. The strain energy release 
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rate was then derived by direct differentiation. Their ,sult can be ob-
tained from our Eq. (2.8) by setting M1 = 0. Wo have, from Eqs. (2.4) and 
(2.5), 
Hence Eq. (2.8) reduces to 
	
21-f 	01- PI - 	+ 12- 	 z 	i) 	r, m3  
t N) 1 3 (-0 	(1_- .) 3 2- I 	I r3 
where the force PI, the compressive load in the non-delaminated portion, 
and P3 and M3, the axial force and the bending momr , .r at the ends of the 
delaminated layer, can be obtained from the solution of the buckling prob-
lem. We have 
9 	([ -h) 60 -I- LT: Cc,  
Et 	1-- h t 
_ 1Z = 	 I- 
t2-.) 3 	t ";-  
5 _ 60-  
) 	et - 	) 
Ecr- 	c r-) 
where de =.1./L is the ratio of the delamination length to the total laminate 
length, •e0 is the average compressive strain of the laminate, and 
qr 2- 	ll
Z 
— 3  0_1,9 J./ 
Substituting PI, P3 and M3 into the expression of G, we obtain precisely 
Eq. (27) in Chai et al. [1]. 
However, our Eqs. (2.8), (2.4) and (2.5) also deliver the strain 
energy release rates for the general case when the other portions of the 
laminate suffer bending deformations under bending moments M2 and M3. 
9 
3. Partition of the strain energy relense rate into mode I and mode II  
components 
In the previous report, we used dimensionnl analysis to obtain sepa-
rate expressions of the mode I and mode IT energy release rates associated 
with the growth of a thin-film delamination. The expressions contain an 
undetermined material constant which should be evaluated by means of a 
numerical solution of the singular stress 	or an experimental measure- 
ment. In the present report, a similar dimensional analysis is used to 
partition the strain energy release rate of a general one-dimensional de-
lamination into its mode I and mode II components. The resulting expre:,- 
sions contain an undetermined material function of h = h/t, which may be 
determined by a series of numerical solutions with varying ratios h. 
Let the subsystem of loading (Fi . (3a)) 
0 	 1,3 1 	1-) 	
( 3, 
0 	 41/2_ M *  
be further decomposed into two equilibrium component systems as shown in 
Figs. 3(b) and 3(c). Under the first component loading system, the thinner 
layer is subjected only to the axial force P * . The stress component (ry 
ahead of the delamination is proportional to P* r -1 / 2 , where r is the 
distance from the tip of the delamination. We write 
- 	(r; 	) 
	 f(111 -0  
r 
We next consider a geometrically similar problem with t,h and H = t-h 
replaced byd,t, okh andd,H, respectively, whore 0( is a positive constant. 
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Let the axial load P * be replaced byckP * . Than the stress distribution Cry 
ahead of the delamination front in the new problem is related to that in 
the original problem by the relation 
o-(01,r 	0.k, <if) =-- cr(r; 
or, 
f (ot k, oc-t) 	izof 	f(h .,7) 
0117 q-F . 
Hence, 
f(k,t)  
Cot ill ot -t-) 
Assuming f to be a differentiable function of its arguments, the last 
equation may be differentiated with respect to o(. Setting d(= 1 in the 




e (L-f-) 	D (4f)  
Gtft Gtn:t) 2._ 
Hence 
where d, is an arbitrary function of h = h/t. Consequently, 
t) 	* ( 	p er . • 
Similarly, the shearing stress distribuion dhf 	of the tip of C,. 
delamination has the following expression 
v 	h 	I 	a 
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Next consider the effect of the loading shown in Fig. 3(c), The 
stress component Cry ahead of the delamination is given by 
cr 	±-) =-- 	 M 
Comparison with a geometrically similar problia yields the functional. 
equation 
( otk o -t) 01:1 	Hi , 	M 
orCF 
The solution of this equation is 
Hence 
(.0  m 
— 	
Cit r ) 3.) 
and similarly 
X (K)  
----- 	 036.. 
Combining the effects of the two component loading systems, we obtain the 
following expressions of the mode I and mode II stress intensity factors 
ouo  D * gn 
3n- 	
-113 it M 
Hence the total strain energy release rate is given by 
16e. „ 	-1-Y1  
to( 	 - - 2_ pi'm* + 	(11*)1 . (3.3) 
E 
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Equating the two expressions of G as given by Eqs. (2.8) and (3.3), we 
obtain an identity valid for various combinations of the load parameters P * 
 and M* . This implies that the respective coefficients of (P * ) 2 , P*M* and 




0- IT) 3 	" 
2- 	 6 Il l- 
1-0* 0- 
2 ( F L4 	= (2 I— 3 r -f3  
(I- V 3 
The general solution of this system of algebraic equations is given by 
(t-I) "L (7.2_tizr- = - + +V-) si‘vi 0), 
Cl- I) 311- (11---1-57)I/LY= 	T+ 	cvs 
.0 3/z. ( 2-1), ) liz 	2_ ( 1 -3 3 -4'2) 1 
	
) 	s .5c 
11-2- 0-3 -f 	 ) (1_3)3/2. 1_2-w) 
— 
where CO= O(h) is some function of h and / =A(11) is deternined by 
relation 
C rt 2- 
S1. (9(—. (4 ) 
12- (i+if -E 1) (1 - 3T+3119 
Substituting Eq. (3.4) into (3.2) and using th , relations between the 
energy release rates and the stress intensity factors, we obtain the 
following expressions of the mode I and mode II energy release rates: 
(3.t) 
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G 	Kr' 	1— 	f 
I -E. e k (H -0) 	(+ h -f- C-1 1- P sin Wt 12.6-3 1+3 12) 
(1Z 	lEk (1— 1 V I# 	-k "4") 1112-0-31 1  31"1)  L 
 one material function (4(h) is undetermined and 	other l(71) is 
related to the first according to Eq. (3.5). The material function 1.0(71) 
can be determined by solving a sequence of singular stress distributions 
near the delamination tip for various values of h, or by using simpler 
methods such as the crack closure integral. 
For a thin-film delamination,17 approaches the limiting value 0 and 
both Wand kreduce to the same constant, G.,=,t. The expressions of Eq. 
(3.6) also reduce to the form given in the previous report. 
AM. 
Another special case, h = 1/2, corresponds to a symmetric double 
cantilever beam-plate. For this case Eq. (3.5) yields 
(A.) — 	 (4-3-77) 
	
(3.7) 
and Eq. (3.6) reduces to 
P ,siet. to + Jrz. -----P1* co X1 2- , 
{ \PT r cvs ± \rii Oh* s- ak 
e 
Although E ,,s. (3.7) and (3.8) are valid for different combinations of load-
ing parameters P* and M* , in buckling problems asso.-iated with delamination 
where h= H= t/2, the force P* = P3 1 = - P2/ va.ishes bcause of the symme-









The condition of symmetry also implies that GII = 0. Consequently, t= 0  
and 
6.1 	12- 0-01)  im *y_ . 
E 
The last result is well-known. 
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Part B. Uniform Expansion of a Two-dimensional Delamination 
In this part of the report, we consider a two-dimensional thin-film 
delamination in a plate subjected to compressive loading. When the com-
pressive strain is sufficiently large, the delaminated layer buckles. 
Although the buckling load (or the corresponding sti;in in the plate) are 
determined by the classical plate theory, 7 -Jic poi`-buckling solution of the 
delaminated layer requires the application of von Karman's geometrically 
non-linear theory of plates. When the post-buccling solution is obtained 
by appropriate numerical methods, the normal and shearing forces and the 
bending and twisting moments along the curved boundary of the delamination 
may be calculated. The pattern of delamination growth cannot be predicted 
without introducing certain fracture criteria. Chai [3], for example, 
postulated that an elliptical delamination grows in such a manner as to 
maximize the strain energy released per unit incremental area of delami-
nation at each stage of growth. He calculated the total strain energy 
release rate by numerical (:_fferentitation of the total potential energy. 
In the present work, we calculate the strain energy release rat_ 
associated with uniform expansion growth of a two-dimealsional thin-film 
delamination of arbitrary shape by means of the M-integral. The result 
is expressed as a line integral (along the boundary of the delaminated 
region) of a quadratic function of the normal and shearing f orces an d 
bending and twisting moments. Although the actual growth pat ern of the 
delamination is generally not a uniform expansion, the present result 
yields a lower bound estim7te of the (maximum) energy release rate as )- 
ciated with the actual growth pattern, and therefore can be useful in 
predicting the growth of delamination. 
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The M-integral is first applied to the uniform growth of a circular 
delamination under axi-symmetric in-plane compression (Section 4). The 
extension of the method to the uniform growth of a two -dimensional delamina-
tion of arbitrary shape under axi-symmetric compression 	is shown in 
Section 5. 
4. Uniform expansion of a circular delamination under axi-symmetric 
compression 
4.1 Critical buckling load and post-buckling solution 
The critical buckling load of a two-dimensional delaminated layer can 
be obtained by applying linear buckling equations. For a clamped isotropic 
circular delamination under axi-symmetric compression, the transverse de-
flection as a function of the radial coordinate satisfies Bessel's equation 
of zeroth order. The critical radial comp,. , sive force P cr per unit arc 
length on the boundary of the delamination is determined by 'he first zero 
of Bessel's function of first order,i.e., 
C1P„/P 	0 ) or \Tip-. •t =7. 831 	(4,1) 
where a is the radius of the circular delamination and D = Eh /12(1-P 2 ). 
Generally, a reasonably accurate post-buckling analysis of the delami-
nated layer requires the application of non-linear plate theory. In con-
trast to the linear theory, the membrane stresses :1 the non-linear ''tick-
ling theory are not uniform over the plate. For the case of a clamped cir-
cular plate under axi-symmetric compression, the radial compressive for e 
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per unit circumferential length depends on the radial coordinate, P = P(r). 
Let ¶(r) =1/V1(r)/r where Wis the transvet:.e displacement. Then the buck-
ling problem is described by the following system of differential equations 
and boundary conditions [4] 
r-3 (r 3 	Eh ria. 	C 3 (T 3 TO 1-= P Tip , (4-,z) 
P i (o) ---- 0 ) 	V(0= 0 , 	(co = o. 	 (4-.3) 
If the compressive loading on the boundary r = a produces a radial dis-
placement u r = - a eo then 
et. 	 Q / 
— Eo 	el. — 	dr. ° 0 
(r. M i l dr — 	Cr?, ) 7- dr. 	(4-.f) Ek J o 	 Jo 
For given E0 , Eqs. (4.2) - (4.4) can be solved numerically for the func-
tions P(r) and T(r) = w/(r)/r. This solution yields the radial force P(a) 
and bending moment Mr (a) per unit arc length of the boundary, where M r = DX 
I 	/ ( 	+ -F- W ) 
4.2 Strain energy release rate associated with uniform exeansion 
Consider a plate, containing a thin-film delamination of radius a, 
subjected to uniform biaxial compressive strain E 0 . When Co is suffi-
ciently large so that the delamination buckles, the radial compressiv2 
force P(a) and the bending moment M(a) along the edge of the delamination 
can be computed numerically by solving Eqs. (4.2) - (4.4). In the fol- 
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lowing, we evaluate the M-integral to obtain the s.:rain energy rele-zse rate 
associated with uniform expansion of the circular 	ination in terms of q0 , 
P(a) and M(a). 
Let a constant biaxial stress field 
(4, 5-) 
be superposed on the (non-linear) buckling solution. Since the constant 
stress field is continuous, it produces no effect on the stress intensity 
factor and energy release rate. With the superposition of the constant 
stress field, the exterior boundary of the main body of the laminate be-
comes stress-free and the edge of the delamination is subjected to a bend-
ing moment M* and a tensile radial force P* , per unit arc length, given 
respectively by 
Mut) 	r‘v 6-v - Poo. 	 (+.) 
Hence, along the edge of delamination r=a, we have 
P 	M1 
r 	 113 
E e e ----- 0- ' 
1 - 1) 1 
a IT 
E 	' ) 
wherelAris the strain energy density. The circular ed17. , of the dela.j.- 
nation yields the following contribution to the M-integral: 
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M = 	Ev xi: 	- (1',4.) 1 	72.17 (74-71 1' 14 1̂-) 6( A 
27reL r 	hr AL (ii,1 4 , 
J --h/2. 	2E  
q't 0 2 (1—P9 	_Of!jiz- + 12 (ivr07-1 
L h 	 • 
Budiansky and Rice [5] haveshown the following relation between the M-
integral and the rate of energy release in uniform expansion of a crack: 
Hence 
Alt 	M 	1 -01- 1 , 	 
ex al) 27r e 2_ E 	1 	) J 
_ 	 f Fh 6, _ (11, 2--t ,(11:0 r-1 (4-7) 
gives the strain energy release rate per unit increment of area of 
delamination, as the delamination grows uniformly under a biaxial com-
pressive laminate strain Eo . As was mentioned previously, P(a) and M(a) 
may be evaluated from the solution of Eqs. (4.2) - (4.4). 
5. Strain energy release rate associated with uniform expansion of a 
two-dimensional delamination of arbitrary shape  
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Sufficiently large compressive loading on a plate containing a two-
dimensional delamination of arbitrary shape may produce buckling of the 
delaminated layer and growth of delamination. In general, the solution of 
the non-linear buckling problem requires approximat.. numerical methods. 
The solution determines the normal and shearing forces and bending and 
twisting moments acting along the boundary of the delam i nation. When the 
distribution of these forces and moments are obtailed, the strain energy 
release rate associated with uniform expansion growth of the delamination 
can be evaluated by means of the M-integral. As mentioned previously, the 
actual growth of the delamination is assumed to proceed in such a manner 
as to maximize the rat of energy release at each stag& of growth and 
therefore it generally deviates from uniform ,. ,_xpansion growth. Thus the 
energy release rate calculatedin the following gives a lower bound of the 
maximum energy release rate. 
For simplicity we consider the case when the main body of the laminate 
is subjected to a uniform biaxial strain Ex = 6y = - E.. Let P(s), Q(s), 
Mn (s) and Mns (s) denote the normal compressive force, shearing force, bend-
ing moment and twisting moment acting on a segment of unit arc length of 
the boundary of delamination, where all four quantities are expressed as 
functions of the arc length parameter s. Lot the constant biaxial stress 
field of Eq. (4.5) be superimposed so that the exterior boundary of the 
laminate becomes stress-free. Then the normal, circumferential and &aear-
ing stresses on the boundary of delamination are given respectively by 





Let s(s) be the perpendicular distance from the origin of the x—y ,lane to 
the tangent line of the delamination boundary at the point with the para-
meter value s. Then 
A = 	(,5) ds 	 (s-- 1) 
is the area of delamination and1-17s)ds is the contributin to that area 
from a boundary element of arc long ► ds. 1. 11,! int , rand of the M—integral 
is given by 
	
-TAT 7A: ti — 	rik7t: 	(17 k.  J ,A, A 2 A 	 ‘A, 
r i 	I 4 12 .7_ 	f 1-1)/ 	1.417 7. 
E 	 2E " -5 
Hence, 
M 	[ 	(1-0--L 6 — ;))2--1- h ° 	I 
f j-±L) 
1 	t 	5) 1 -1- 1 2_ (t12.1q52)11 
	
C S) 
and the strain energy released per unit increment of delamination area is 
cl Tr 	M 
-TA- -- 2A 
In the special case of a circular delamination, Q(s) and M ns (s) vanish 
identically because the laminate is subjected to axi—symmetric compressive 
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TECH 	 April 19, 1983 
Mr. John N. Dickson 
Department 72-77 
Mail Zone 415 
Lockheed-Georgia Company 
Marietta, Georgia 30063 
SUBJECT: Research Grant P.O. No. CA08738 
Georgia Tech Project No. E-23-624 
Progress Report (2/1/83 through 4/15/83) 
Dear Mr. Dickson: 
During the subject period, emphasis has been made to extend research 
work completed in the first phase of the research grant under P.O. No. 
CY48335 for the period fiom January 16 through September 15, 1982. With 
reference to the list of proposed areas of investigation attached to our 
letter to you on November 16, 1982, the present studies have been directed 
to the three-dimensional analysis of laminates under point load, general 
one-dimensional delamination, and growth of two-dimensional delaminations. 
The following represents a summary of the progress made under the subject 
grant during the subject period, and more detailed discussions are also 
enclosed: 
I. Wave Propagation Due To Impact: 
Three-dimensional wave propagation in laminates under point impact lend 
has been initiated. The basic procedu ,:e using Fourier and Laplace 
transforms in the anal ys is of the two-dimensional case reported previously 
is followed with appropriate extensions. A Fortran computer code is being 
generated. As the source of difficulty lies in computer execution time and 
storage limitations, it is necessary to extensively modify the program 
written for the line impact problem. However, no limitation on the 
usefulness of the solution technique is expected. 
II. Damage Growth: 
In the second phase of the research activity on analytical models of 
delamination growth, the following three topics were identified as the 
subjects of primary interest: 
(i) Study of the growth of general one-dimensional delamination on 
the basis of strain energy release rates by taking into account 
the buckling-induced bending and axial deformation in the main 
body of the lamiaate. 
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(ii) Parametric study of the growth characteristics of one-dimensional 
delarninat ion. 
(iii) Determination of the strain energy release rate associated with 
the growth of a two-dimensional delamination. 
Beginning with the implementation of the second phase of this research 
project, significant analytical progress and conceptual generalizations 
have been achieved during the last quarter. Specifically, the following 
results were obtained: 
(1) Closed-form expression of the strain energy release rate G 
associated with the growth of a general one-dimensional delamina-
tion (Eq. (2.8) of the new report). 
(2) Separation of G into mode I and mode If components (Eqs. (3.6) 
and (3.5), containing an undetermined function of the thickness 
ratio) by means of dimensional Analysis. 
(3) Closed-form expressions of C associated with uniform expansion 
growth of a two dimensional thin-film delamination of circular 
shape (Eq. (4.7)) and of arbitrary shape (Eq. (5.3) and (5.2)). 
The expressions were obtained by means of the surface-independent 
M-integral of Eschelby, Knowles and Sternberg. 
Furthermore, our expression of G for a general one-dimensional 
delamination includes the known formula for a thick-column model (Chai, 
Babcock and Knauss) and the formula for A symmetric double-cantilever beam 
as special cases. Our expression of G for the uniform expansion growth of 
a two-dimensional delamination suggests corresponding results in more 
general modes of growth. 
As a consequence of these achievements, the strain energy release rate 
associated with delamination growth can be evaluated straightforwardly in 
terms of the post-buckling solution of the delamination. The procedure of 
numerical differentiation of the total potential energy with respect to 
geometrical parameters is rendered completely unnecessary. 
We intend to implement e%tewilve computation and parametric study on 
the basis of the foregoing analytical results to investigate the conditions 
and characteristics of delamination growth and thereby to provide a basis 
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TECH 
	 July 20, 1983 
Mr. John N. Dickson 
Department 72-77 
Mail Zone 415 
Lockheed-Georgia Company 
Marietta, Georgia 30063 
SUBJECT: Research Grant P.O. No. CA 08738 
Georgia Tech Project No. E-23-624 
Progress Report (4/16/83 through 6/30/83) 
Dear Mr. Dickson: 
The following represents a summary of the progress made under the 
subject grant during the subject period, and more detailed discussions are 
also enclosed: 
I. Wave Propagation Due to Impact: 
Work has been directed toward the generation of a Fortran program to 
perform the complex numerical calcuiations. The subroutines for solution 
of the block -tridiagonal system of equations with complex coefficients have 
been completed and tested. Work on routines to assemble the coefficient 
matrix to take advantage of symmetries in the solution over ranges of 
values of the transform variables is progressing. 
II. Damage Growth: 
A substantial amount of computation and analysis has been made to test 
the previously developed theory of delamination buckling and the method of 
evaluating energy release rates. Predictions of our formulae for the total 
energy release rate and for its mode I component were compared with the 
existing finite-element results generated by means of the closure integral. 
Good agreement was observed as shown in the attached figures of this report. 
The difference between our theory and Whitcomb's approximate analysis is 
discussed. It is pointed out that the prediction of the present theory 
appears to be more uniformly in agreement with the complete set of 
finite-element results. 
Sincerely yours, M a 
A Unit of the'Llniversity System of Georgia 
An Equal f dkcation and Employment Opportunity Institutior. 
Lockheed-Georgia Company 
Research Grant P. 0. No. CA 08738 
(Georgia Tech Project No. E-23-624) 
DAMAGE OF COMPOSITE STRUCTURES 
Progress Report (4/16/83 - 6/30/83) 
July, 1983 
by 
R. K. Kunz 
J. T. S. Wang 
W. L. Yin 
School of Engineering Science and Mechanics 
Georgia Institute of Technology 
Atlanta, Georgia 30332 
Part I 
Wave Propagation Due to Impact in Laminated Composite Plates 
R. K. Kunz 
Efforts devoted to the analytical determination of dynamic interlaminar 
stresses in a laminated composite plate due to central impact are continuing. 
The mathematical analysis and numerical techniques required have been outlined 
in previous reports. The analysis is sufficiently general to enable the calcu-
lation of interlaminar stresses for arbitrary material properties and layer 
stacking sequence. Results obtained from this work are expected to shed some 
light on the initiation of impact-induced delamination. 
Current work has been directed toward the generation of a Fortran program 
to perform the complex numerical calculations required in the determination of 
interlaminar stresses as functions of position and time. The numerical tech-
niques employed are entirely analogous to those used in the successful imple-
mentation of the line impact problem reported previously. However, due to the 
presence of the additional spatial dimension in the central impact case, addi-
tional difficulties arise which must be overcome. In particular, computer 
storage requirements and execution time required to perform the calculations 
become a major consideration in the three-dimensional case. As a result, 
special attention must be paid to optimizing the program with respect to these 
criteria. In addition, each segment of the program requires extensive testing 
during development in order to ensure its correct functioning when assembled 
with the , remainder of the program. 
At this writing, the subroutines for solution of the block-tridiagonal 
system of algebraic equations with complex coefficients has been completed and 
tested. It is crucial that these subroutines be as efficient as possible, since 
it is required to solve the system of equations for each combination of the 
transformed spatial and time variables. Work is currently progressing 
on routines to assemble the coefficient matrix of the linear system and 
to take advantage of symmetries in the solution over ranges of values 
of the transform variables. Finally, routines to invert the Fourier 
transform in the two in-plane spatial dimensions and the Laplace trans-
form in time must be implemented for the case of central impact. When 
completed, the program will yield the interlaminar normal and shear 
stresses at discrete values of the in-plane coordinates and time subse-
quent to impact. 
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Part II 
Analytical Models of Delamination Growth 
J.T.S. Wang and W.-L. Yin 
Abstract The procedure for evaluating the energy-release rate and its mode 
I and mode II components in the growth of a general one -dimensional 
delamination, as developed in the last report, takes into account the 
bending deformation of the laminate and the resulting formulae involve a 
single undetermined parameter. In the present report, the total energy 
release rate as predicted by our theory is compared with the available 
finite-element results for a specific problem and reasonable agreement is 
observed. Furthermore, a procedure is worked out for evaluating the 
undete'rmined parameter on the basis of selected data from finite-element 
solutions. With this parameter value, our theory delivers mode I and mode 
II energy-release rates that are in satisfactory agreement with the 
remaining finite-element solutions. In spite of the formal semblance 
between our formula for the mode I energy release-rate and an empirical 
formula proposed by Whitcomb, there are important differences in structure 
and rational justification. Futhermore, the prediction of the present 
theory appears to be more uniformly in agreement with the complete set of 
finite-element results. 
1 
1. Introduction  
A theory for evaluating the energy -release rate in the growth of a 
one -dimensional delamination and, furthermore, for separating this 
energy-release rate into its mode I and mode II components, has been 
developed in two previous reports [1,2]. In the present report, the 
validity of the theory is tested by application to a specific 
one-dimensional problem whose finite-element solutions are available in the 
literature [3]. Satisfactory agreement is found between the total 
energy-release rate according to finite-element analysis and that according 
to the present theory. The discrepancy between the two types of results 
appears to be reasonable in view of the different assumptions underlying 
the respective postbuckling solutions. 
Our theory of separating the energy-release rate yields a pair of 
formulae, containing a single undetermined parameter, for evaluating the 
mode I and mode II energy-release rates. The value of the parameter may be 
inferrred from the mode I energy-release rate associated with a small, 
selected set of finite-element solutions. When the parameter is so 
evaluated, our formulae deliver mode I and mode II energy-release rates 
that are in satisfactory agreement with the remaining finite-element 
results. This agreement not only verifies the applicability of the-theory, 
it also suggests that the validity of the results is unaffected by 
structural and material inhomogeneities in the laminate, since the laminate 
under consideration is composed of graphite-epoxy layers and an aluminum 
plate. In view of the intended application of the present thoery to 
composite laminates, this broader scope of applicability is indeed a_most 
important and desirable feature. 
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While our formula for the mode I energy-release rate bears some formal 
semblance to an empirical formula proposed by Whitcomb [4], it is 
essentially different in its rationale and structure. The former is based 
on the knowledge of the total energy release rate as delivered by the 
postbuckling solution of the laminate and the J-integral method; the 
latter is guided by intuitive arguments and mainly based on curve-fitting 
the finite-element data. The former gives a consistent treatment of the 
end rotation of the delamination by taking into account the bending 
deformation in the main body of the laminate, the latter ignores laminate 
bending and deals with the end rotation of the delamination by introducing 
an "effective delamination length" based on finite-element solution of 
critical buckling loads. Furthermore, the number of undetermined 
parameters and the force and moment variables occurring in the respective 
formulae are different. The present theory not only furnishes a 
theoretical justification of the resulting formulae, it also appears to 
deliver results more uniformly in agreement with that of the finite-element 
analysis. 
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2. Postbuckling solution and the energy release rate  
In the finite-element model of one-dimensional delamination studied by 
Whitcomb [3,4], a unidirectional graphite-expoxy coupon of thickness h is 
bonded to an aluminum plate of thickness H = 6 mm, except for a segment of 
length 2a. Figure 1 shows one half of the laminate. Let w(F) and v() 
denote respectively the transverse deflections of the unbonded segments of 
the composite layer and of the aluminum plate, and let u(11) denote the 
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transverse deflection of the bonded portion, where 0 5 	5 a and 0 5 	5 b. Then  
u('f1) = -A(1 - cos K1), 
v(r;) =
pt sin Kb  
(cos ) - cos Xa) + 1 - cos Kb] 	(1) X sin Xa 
w(v 	_A[K sin Kb  (cos pt - cos pa) + 1 - cos nial 
p sin pa 





= P2 /D2'. 4
2 
= P3 /D 3 
	 (2) 
and Pi and Di (i = 1,2,3) are the compressive axial forces and the bending 
rigidities per unit width of the various parts which undergo deflections 
u(11), v(V and w(c), respectively, in the buckled state. The amplitude A 
is determined by the compressive load PI in the following manner. 
The elastic modulus of the composite layer in the axial direction, El, 
is different from that of the aluminum plate, E. Hence the effective 
neutral axis of the combined laminate is located at a distance e above the 
geometrical center of the cross-section, where 
(E 1 - E)h H 
e 	
2(E1 h + EH) 
	 (3) 
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At the delamination front ( 	a or 1 = b), the axial forces PI, P2 and P3 
and the tending moments 
MI = Dl u"(b), M2 = D2 v"(a), M3 = 03 w"(a) 	 (4) 
satisfy the equilibrium equations 
P2 	P3 = Pl , 
	M1 = M2 + M3 - P2 h/2 + P3 H/2 - P1 e. 	(5 ) 
Furthermore, by comparing the deformed curve lengths of the unbonded 
segments of the graphite-epoxy layer and of the aluminum plate, one obtains 
the relation 
P 	 a 




(w )2 4:1= —2 	r , , EH a ""f .l o  kv )2 
	
+ 	2 	w i (a). 
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3 ) 	h + H 
 e -I- 62 (n 	
1 	1  
Eh 	EH 	! `. sin 2 Z a 	   Z tanZ sin g Y 1 ) 
Y tan Y = 
+ 	0, 	 (7) 
where 
8 TE (A N. sin t b)/2, 	 (8) 
Y = )k.( P1 - P3 )/D 2} 1/2 a , Z -= ( 13 3 \ 	a. 	 ( 9) 
Furthermore, Eqs. (1) to (5) deliver 
e - 
[(2e + h) Pi - (h + H)P3)/(2b) 
 
(10) 
a ( P1 	- P3 	 P1 	
P3 	\ 
nb tan n b 
▪ 
b \Y tan Y 
▪ 
Z tan Z 
For any given value of total axial load P1, Eqs,(7) and (10) furnish two 
algebraic equations for two unknowns P3 and O. Solution of this system of 
equations yeids the amplitude A via Eq. (8). Then the transverse 
deflections and the bending moments can be obtained from Eqs. (1) as (4). 
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The energy-release rate is given by 
G = (P*)  
	
2 	 2 
+ 
(14* 	{P* (h + H)/2 - M*1 2 
2 E1h 2D3 
2 
(P* )  
2EH 	 2 D2 
(12) 
ox p* ) 2 
0 le)
2 
- 2a0 P*M* sin 8 
where 
= 1. 	+ 	+ 
1 	1 	(h + H)2  1/2 
L2 E1h 2EH 8D 2 	J 
r 1 	u. 	1 ' k 
= 12D3 ' 2D2j- ' 




The mode I and mode II components of G are given respectively by 
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= 1P*  a cos w + M* 0 sin (w - 
(14) 
The last expressions contain only one undetermined parameter w. This 




3. Comparison with finite-element results  
If the geometrical and material parameters characterizing a 
one-dimensional delamination are specified, then under any supercritical 
laminate load P1 the energy-release rate per unit increment of delamination 
length can be evaluated by using Eq. (12). For the laminate considered in 
Whitcomb's finite-element analysis, it was found that the total 
energy-release rate obtained from the finite-element computation was in 
reasonable agreement with the prediction of Eq. (12), as shown in Fig. 2 
and 3. The former is generally larger than the latter, except in a range 
of laminate load wherein the mode I energy-release rate (from 
finite-element analysis) attains or is close to its maximum value. Since 
the buckling and postbuckling solutions of the present theory are based on 
the Euler-Bernoulli equations of beam-plates, their underlying kinematical 
assumptions overestimate the stiffness of the structure. Consequently, the 
present theory should deliver a higher critical buckling load (and smaller 
values of GI in the initial postbuckling range) as compared to the 
finite-element solution. This relation is clearly visible in Fig. 2 and 3. 
The inherent discrepancy between the prediction of eq. (12) and the 
results of finite-element analysis necessarily implies a similar 
discrepancy between Eq. (14) and the values of G / and C11 as delivered by 
finite-element analysis. Therefore, no specific value of the parameter w 
in Eq. (14) will ever make the prediction of that equation completely in 
agreement with the finite-element results. The best one can hope is that, 
by choosing the w-value appropriately, Eq. (14) will agree with the 
finite-element results as closely as possible, in certain average sense, 
over the full range of laminate load corresponding to positive values of 
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mode I stress-intensity factor. With this in mind, we develop a procedure 
for evaluating the parameter w of Eq. (14) by inference from a selected set 
of finite-element results. 
Figures 11-13 in Reference [14] show the mode I energy-release rates 
as functions of the laminate load, obtained from finite-element computation 
with various combinations of delamination thickness and length. For each 
combination of thickness and length, the laminate load PT corresponding to 
the maximum value of GI can be estimated from the appropriate curve in one 
of these figures. Since GI has a stationary value at laminate load PT, Eq. 
(14) implies that 
- [p*(pT I ) - p*(p
T
)3 a sin w + fM* (PT I ) - M* (PT)) 5 cos 	- 6) — 0, 
provided that PT
/ 
 Is very close to PT . Hence 
[M*(PT F ) - 1,4* (PT)} 	cos 6 
tan w 	{P* (q) 	p*(PT)10, - [M*(PT /) - M*(PT )} 0 sin 6 	(15) 
Since PT can only be estimated from Fig. 11, 12 or 13 of Reference 
[4], using this approximate value and an adjacent value P T inEq. (15) may 
or may not deliver a good choice oftO . However, this tentative value of w 
may be used in Eq. (14a) to generate values of G I and the results may be 
compared with all available G/ values from finite element analysis. If the 
discrepancy is not uniformly small, then the pair of laminate loads PT and 
PT are shifted in such a way that the new value of w delivered by Eq. (15) 
results in uniformly small discrepancies. 
By implementing this procedure for various combinations of 
delamination thickness and length, we obtain the to-values shown in Table 1. 
According to our theory, W should be independent of the delamination length. 
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This appears to be substantiated by the results in Table 1, except for some 
moderate deviation in cases of relatively short delaminations. When w 
is chosen to be 43.5°, 46.5° and 51.0°, corresponding respectively to 
delamination thickness 0.254 mm, 0.508 mm and 0.762 mm, Eq. (14a) delivers 
GI values as shown by solid curves in Fig. 4-6. The corresponding results 
from Whitcomb's finite-element analysis are indicated in the same figures 
by broken lines. As was mentioned in the foregoing discussion, the total  
energy release rate obtained in finite-element analysis was generally 
greater than the prediction of eq. (12), except in a range of the laminate 
load wherein GI attains its maximum value. Figures 4-6 show that the mode 
I energy release rate obtained from finite-element analysis is likewise 
greater than the prediction of Eq. (14a), except in a similar range of the 
laminate load. The discrepancies between the two sets of results for GI 
appear to be consistent with the discrepancies between the two sets of 
results for the total energy release rate. In view of the approximations 
inherent in a postbuckling solution based on the Euler-Bernoulli equations, 
the separation of the energy-release rate according to Eq. (14) may be 
considered as in reasonable agreement with the results of finite-element 
analysis. 
Delamination Length, 2a 
h 	a 	12.7 mm 	25.4 mm 	31.8 mm 	38.1 mm 	50.8mm 
	
0.254 mm 	0.33° 	44.6° 
	
42.3° 












Table 1: w-values inferred from the finite-element solutions with 
various combinations of delamination thickness and length 
(blank spaces indicate no finite-element results available) 
9 
4. Difference between the present theory and Whitcomb's approximate  
analysis  
As was pointed out in an earlier report [1], our formula for the mode 
I energy release rate (Eq. (14a) of the present report) bears some formal 
semblance to eq. (11) in Reference [4]. However, there are significant 
differences in detail, including the number of independent parameters 
involved in the expressions. Our earlier report was concerned with the 
various types of thin-film delamination, where the deformation of the main 
body of the laminate is not affected by buckling and growth of the 
delamination. In this and the last report, the restriction to thin - film 
delamination was removed, the induced bending deformation in the main body 
of the laminate was considered, and the validity of Eq. (14) has been 
confirmed by comparison with finite-element results. It is now meaningful 
to examine the difference between Eq. (14) of the present theory with Eq. 
(11) in Whitcomb's work, with a view to elucidate the respective 
assumptions, methodology, and accuracy of prediction. 
The main difference in structure between our formula (Eq. (14a)) and 
whitcomb's formula is that the former contains only one underdetermined 
parameter w whereas the latter contains two (C1 and C2). In our theory, 
the total energy release rate is already determined from the postbuckling 
solution via Eq. (12); it need not be calculated by means of finite-element 
computation although it may be checked by the latter result. In Whitcomb's 
approximate analysis, the total energy release rate is not directly 
considered and his empirical formula for GI is to be established solely by 
curve-fitting the finite-element results. Since the total energy-release 
rate can be obtained from he postbuckling solution, and since the 
1 0 
stress-intensity factors depend linearly on the forces and moments at the 
delamination front, our Eq. (12) directly implies Eq. (14) with only one 
undetermined parameter W, provided that GI and G11 depend only on their 
respective stress-intensity factors. Therefore, in case of a homogeneous 
laminate the number of undetermined parameters in the expressions for GI 
and G11 should in principle be one, not two. The parameter C2 in 
Whitcomb's formula is determinable by considering the total energy -release 
rate, which is given by Eq. (12) of this report. 
Secondly, , the various forces and moments occuring in Whitcomb's 
formula were calculated by an approximate analysis which ignored the 
bending deformation of the main body of the laminate. Our theory includes 
the bending effect and therefore takes into account the rotation of the 
ends of the delamination in a way consistent with the Euler-Bernoulli 
theory. In contrast, Whitcomb accounted for the rotation of the ends by 
introducing an "effective length" of the delamination based on the 
finite-element solution of the critical buckling load. Thus, for each new 
problem (say, with a new length of delamination) the finite -element 
computation should in principle be executed anew to compute the new 
"effective length". Although he found the effective delamination length to 
be greater than the actual length by approximately twice the delamination 
thickness, this is again an empirical formula based on fitting the 
finite -element results and its general validity cannot be assured. 
Furthermore, the substitution of the "effective delamination length" 
for the actual length essentially shifts the curve of GI vs laminate load 
toward the left so that this curve contacts the corresponding curve for 
finite-element results in a range of laminate load greater than but still 
11 
close to the critical buckling load (see Figs. 12 and 13 of Reference [4]). 
This merely improves the prediction of his formula for relatively small 
laminate loads; the discrepancy between his formula and the finite-element 
results becomes even greater at large laminate loads. 
It appears that the introduction of an additional undetermined 
parameter C2 in Whitcomb's formula, which is unjustified by theory, fails 
to give a uniform agreement with the finite-element results. The reason 
appears to be because the bending deformation of the main body of the 
laminate is ignored in his analysis. The two load parameters P* and M* 
occurring in our Eq. (14) were defined by Eq. (11). Although M* is 
approximately equal to M3, the last term on the right hand side of Eq. 
(11a) is not negligible compared to the other two terms. The absence of 
this term in Whitcomb's formula (Eq. (11) of [4]) might have introduced 
effects which, in the case of a relative thick delamination, cannot be 
compensated by including an additional undetermined parameter C2. 
12 
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Wave Propagation Due to Impact in Laminated Composite Plates 
R. K. Kunz 
1. 	Introduction 
During the subject period, efforts have been focused on 
the development and implementation of Fortran computer code for 
the purpose of determining the dynamic interlaminar stresses 
in a laminated composite plate subject to central normal impact 
loading on a free surface. This study is motivated by the convic-
tion that impact-induced delamination is initiated as a result 
of the stresses which act on interlaminar surfaces e x ceeding a 
critical value. Hence, a study of the three-dimensional propaga-
tion of stress waves in the vicinity of the impact loading zone 
will potentially yield valuable information as to the nature of 
and the parameters affecting, the delamination phenomenon. By 
making the analysis sufficiently general, dynamic interlaminar 
stresses may be calculated for arbitrary geometrical and material 
p arameters, and for arbitrary layer stacking sequences. As a 
result, the effects of these parameters on interlaminar stress 
l&vels, and therefore on the initiation of delamination, may be 
Results previously reported for the case of a composite 
plate subject to line impact loading, and the ensuing two-dimen-
sional propagation of stress waves, have served to verify the ana-
lytical and numerical models employed in this work, and to suggest 
some preliminary conclusions as to the mechanisms involved in the 
unset of delamination. These results are summarized in [3]. How- 
1 
ever, due to the nature of the two-dimensional analysis, only cer-
tain stacking sequences may be employed, and some fundamental 
questions remain unanswered. The present work is aimed toward 
the more general and realistic case of central impact loading 
and the resulting three-dimensional wave propagation. Therefore, 
the limitations inherent in the two-dimensional analysis have 
been removed, and it is expected that the results obtained will 
yield additional information on the critical parameters affecting 
the generation of impact - induced delaminations. 
Problem Formulation and Numerical Solution Procedure 
The geometry of the problem under consideration is shown 
in Figure 1. The plate consists of N orthotropic layers, each 
with its principal orthotropic axes at an arbitrary orientation 
in the x i - x3 plane. There are M = N 1 interlaminar planes, with 
=r 0 corresponding to the impact surface, and m = N corresponding 
to the bottom free surface. A general layer n is bounded by inter-
aees m = n - 1 and m = n. 
The analysis leading up to the numerical calculations has 
been developed in detail in previous reports [1,2], and will be 
summarized here for the sake of completeneos 
i) A set ot six approximate equations of motion for layer 
n are obtained. These are cast in the form of differential 
Equations in terms of the interiaminar stresses and displacements 
on the bounding surfaces m = n - 1 and m = n. Hence, the unknowns 
w. c the three displacement components u t , u 	ui and the three 
stress components T/ 	C 
-2.1e 	
on each of the two surfaces. Each 
of the unknowns is a function of x i , x ? , and t. 
2 
Pl6ic 6eome4ry 
ii) This set of differential equations is transformed 
using the Laplace transformation in time, and the Fourier trans-
formation in both the x f and x3 directions. The result is a 
set of six linear algebraic equations corresponding to layer n 
for the transformed interlaminar stresses and displacements on 
surfaces m = n 	1 and m = n. The transformed unknowns are re- 
lated to the physical stresses and displacements through trans- 
formations of the  form 
Ce 	ex, 
- 	 x 	) 	x 	-.5 	+- 
-op 
( 	1L 3 k 3 )7 clX,dx
3 (it 
where k 	k3 , s are the transform variables. It should he noted 
that, during the process of transforming the equations, boundary 
conditions at x t and x 3 = +no (stresses and displacements vanish) 
and initial conditions at t = 0 (stresses ^ displacements, and vel-
ocities zero) are explicitly satisfied. 
iii) The sets of equations for all N layers are assembled, 
resulting in a set of 6N algebraic equations for the 6(N 	1) 
transformed interlaminar stresses and displacements. Continuity 
ui stresses and displacements at the internal interfaces (m = 1 
to N 	1) are automatically satisfied' 
iv) Boundary conditions at the top and bottom surfaces 
are appended. These are: on m = N, transformed stresses T,^ 
where E is the 
transform of the impact loading function. 
At this point, the problem is completely formulated, and 
numerical methods Must be employed to determine the interlaminar 
stresses as functions of position and time. These may be briefly 
summarized as follows: 
T /), 	3
= 0 ; on rn =0 ' T 	=T` 	=0" T ;i3 
4 
v) The set of linear algebraic equations is solved re-
peatedly for the transformed interlaminar stresses and displace-
ments at selected discrete combinations of the transform variables 
kand s. . 1 	3a 
vi) The inverse transforms of the transformed interlaminar 
stresses are numerically calculated to yield the true interlaminar 
stresses at discrete values of x l 	and t. 
Implementation of  Numerical Procedures 
3.1 Loading Function. The function chosen to model the 
applied surface traction on the free surface m = 0 due to normal 
impact is 
r- L 	r 	)( 
- 1) /,,/. ( I - ‘,2 
6:1 
r 
L- ) E ) 6 G. D 
— C,0 .5 
—2 7T  
O 4. 4- to 
(a) 
where a 	1 + , 1 -1 	— 3 By inspection, the maximum normal compressive 
load is po , which occurs at r = 0, t = t 0 /2. For numerical reasons, 
the function was chosen to have continuous first derivatives with 
respect to both position and time at its boundaries (r = a, t = 0 
and t ). 	It is expected that this function will adequately model 
the applied load due to foreign object impact normal to the plate 
surface. When transformed by equation (1), the result is 
r 
	
) 	 1;7 3 ) 	( ( 	 ,t 	
Po 
 31r 	L 	,T; 
5  
t `') ( 1/6 — S 	( 	 ) 
where k = 	+ ka 	and Jo and J are Dessel functions of the ' 
first kind of order zero and one. 
(3\ 
5 
3.'? Solution of equations. The set of linear algebraic 
equations to be solved is in so-called block-tridiagonal form; 
each group of six equations for a given layer contains only the 
• six unknowns on each of its corresponding bounding surfaces. 
Because of this form, an efficient algorithm is available for their 
solution, as discussed in C2l. This is fortunate, since the set 
of equations must be solved repeatedly in order - to obtain the 
transformed interlaminar stresses for all combinations of the 
chosen values of k i , k 3 , and s. 	(Considerations necessary for the 
selection of the discrete values of the transform variables are 
defined in the next sub-section). Specifically, if it is desired 
to obtain values for the stresses at the nodes of an N F x N c 
grid in the x i -x plane, for N L time intervals, solutions to the 
algebraic equations must he obtained fur N F N L combinations of 
k,, k3 , and s. However, due to certain observed symmetries and 
antisymmetries in the solutions of the equations, they need he 
plicitly solved only 1\4..
a   N L /4 times. 	The solutions for the 
remaining 	NL /4 combinations of the transform variables are 
obtained through the aforementioned symmetries. 
Transform inversion. In order to obtain the interlam-
inar stresses as functions of position and time, the inverse 
transforms of the solutions to the algebraic systems must be 
obtained. That is, to determine a physical quantity from its 
transform as defined 
LA ( X , X. 3 ) i-): 	-r 
in equation (l), an inversion of the form 
J C co cc . cc 
)
I(_ 	s) 	"t• 
(Li) 
• 
L.1k,,x,tk. s x 3 joisdk,c116 3 
must he calculated. Since the transformed functions have been 
obtained as outlined above at discrete values of the transform 
6 
variables, the so-called Fast Fourier Transform (FFT) algorithm 
£47 may be used to determine the inverses. This involves the 
approximation of equation (4) by a triple finite summation which 
may be manipulated into the form of a sequence of Inverse Discrete 
Fourier Transforms. Details of this manipulation are obtained 
as- an extension to the techniques reported previously in [3], and 
will not be presented here; however, the consequences of this 
approach deserve some mention. 
If significant changes in the interlaminar stresses are 
expected to occur onlylover distances greater than ./k., and over 
times greater than r, then the transformed stresses must be cal-
culated at the following values of k, and k 3 : 
k, A /114, 	 ),;2), • 
and at the following values of s: 
/  7T  
6 	C 	- 	( z-- -//3.) 	 • AIL 
This defines the combinations of k l , kj , and s for which the 
eoluLions for the transformed stresses most be obtained. As 
before, Np is the number of intervals in each of the x, and x j 
 directions; NL is the number of time intervals. The result of he 
FFT computation gives the stresses at the following discrete values 
ef 	, x, and t: 
A 
(T-/), 	Jr 1,-) ) 	)NL, 	 (?) 
Considerations for the selection of c in equation (6) were dis- 
cussed in E3J. 	It should also be noted that due to the nature 
a 
of the FFT algorithm and the symmetry of loading, of the N 
s 
7 
points at which stresses are calculated, only those for which 
3 = 1, 2. .... Nr /2 (equation (7)) are of use. 
3.4 Programming  considerations. The principal effort 
during the period of this report has been in the development, 
testing, and refinement of a Fortran computer program, IMP3D, 
to carry out the numerical procedures described above. This pro-
gram is similar in principle to IMP2D, the program for the case 
of line impact reported previously [3]. However, certain major 
modifications to the original program were necessitated by the 
additional complexity of the three--dimensional problem. 	In par- 
ticular, computer storage limitations, which were not a critical 
factor in the two•dimensional case, became a prime consideration in 
the development of the present program. At this writing, devel-
opment and testing of IMP3D are completed, and several test cases 
have been run, with some preliminary results summarized below. 
In its present form, IMP 7D can perform the necessary interlaminar 
stress calculations for a plate of up to six layers (N = 6), 
with up to 3 steps in the x j and x 3 directions (N, = 16), and 
16 steps in time (NL = 16). 	While it is acknowledged that most 
composites contain far more than 6 layers, the purposes of this 
study should be adequately served by consideration of a relatively 
small number of layers. For the limiting values of N, N r , and N I. , 
approximately 200 K of computer core is required, with an execution 
time of 300 CPU seconds on Georgia Tech's Cyber computer - system. 
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4. Preliminary Results  
The table on the following page summarizes a sampling of 
the results obtained in a typical run of IMP72:1). The results 
presented are for the interlaminar normal stress E_2 ,1_ on each 
interface at the location x i = x3 = 0 (directly underneath the 
center of the impact region). These results are consistent with 
those of the two-dimensional case reported previously. As can 
be observed from examination of the table, a compressive wave 
propagates through the thickness to the bottom surface, and is 
reflected back as a tensile wave. As before, the calculated speed 
of propagation is very close to the theoretical dilatational wave 
velocity. 
This small sample of numerical results serves to establish 
some measure of confidence in the numerical techniques and in 
their implementation in IMP70. While considerably more results 
have been generated, it would be premature at this time to attempt 
to draw any definite conclusions from them. At this writing, the 
results of several runs are being examined not only for the inter-
laminar normal stress propagating through the thi ckness, but also 
for interlaminar shear stress propagating both longitudinally and 
transversely. By varying the time and distance parameters, certain 
features of the propagation patterns may be brought into sharper 
focus. 	In addition, various stacking sequences should be examined 
to determine their effects on stress levels. 	It is hoped that 
by examining, evaluating, and comparing the results of several 
sets of calculations, a suitable criterion for the initiation 
of impact-induced delamination can he identified, and the para-
weLers influencing the extent of the deiamination as observed 
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Table 1 
Transverse Propagation of Normal Stress 
: 	1 
, i 	 Interface Number ‘,... 
; (-..1,. 	, , 
: -P 	\ 1 	u 	i 	,-., 
	
.... 	-, _ 	4 	. ...) 	 6 
0 | 	0.00 	0.0' 	0.07 	0.11 	0.04 -0.07 	0.00 
1 	-0.50 	0.03 	0.00 	006 	0.10 	0.10 	0.00 
-, 	-1.00 -0.51 	0.04 	0.09 	0.11 	0.11 	0.00 
3 	-0.50 -1.06 -0.57 	0.11 	0.1; -0.01 	0.00 
4 | 	0.00 	-0.94 	-0.95 	-0'61 	0.00 	0.0/..., 	0.00 
▪ 0.00 	0.03 -0. 	-0.99 -0.74 	0.01 	0.00 
6 | 0.00 -0.02 -0.10 	 -0.88 -0.90 	0.00 
i 	7 | 	0.00 -0.12 - 0.09 -n.lo 	-0.72 	0.00 
e 8 | 	0.00 -0.48 -0.13 	 0.01 	0.19 	0.00 
s 9 	0. 	-0.03 	 0.05 	0.70 	u 
t 
e 10 	0.00 	 0.27 	0.75 	0.!J6 	0.19 	0.00 
p 
11 	0.00 	0.37 	0.67 	0.69 	0.71 	0.01 	0.00 
12 	0.00 	0.92 	0.78 	0.25 	0.18 	0.17 	0.00 
13 	0.00 	0.25 	0.54 	0.34 	0.10 	0.10 	0.00 
14 	0.00 -0.74 -0.20 	0.36 	0.38 -0.09 	0.00 
15 
	
0.00 -0.42 -0.46 -0.22 	0.11 	0.72 	0.00 
Calculations based on the following: 
Material constants 	E =20 	10 psi 	E = 2 x 10 psi 1 	 J.. p/ •A_ = 0. 3 0 	 1)13 = 0.40 
G/a. = 2 x 10 psi 	e = 0.055 lb/in 3 
Loading function 
	
Duration of load ,,, 1.53,Lisec 
Radius of loaded region = 0.60 in. 
Time St ep = 	. 7A3 SE`C.. 
l0 
experimentally can be ascertained. 
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Part II: Stability and Residual Strength of a Delaminated Plate 
by W.-L. Yin, J. T. S. Wang and Z.- Z. Fei 
1. 	Introduction  
It has been shown in our previous reports that the energy release rate 
associated with the growth of a one-dimensional or circular delamination 
may be expressed in terms of the axial or in-plane forces and the bending 
moments acting across the cross-sections of the various portions of a plate 
at the front of the delamination. This expression of the energy release 
rate was obtained by means of the J-integral or M-integral. When the load 
or displacement applied to the boundary of the plate is sufficiently large 
so that the energy - release rate exceeds the fracture toughness of the 
material, the delamination starts to grow and the geometry of the lamint 
undergoes continuous and irreversible change. 	In order to follow the 
history of delamination growth and to predict the load-carrying capacity of 
a plate with inital delamination, it is in principle necessary to solve a 
sequence of postbuckling problems with successively increased length or 
radius of delamination. 
The general procedure and the underlying theory for such an analysis 
has been outlined in the previous reports. 	In the present report, we 
present certain important details of the implementation of the procedure, 
as well as certain conclusions of the analysis with regard to the ultimate 
load capacity of the delaminated plate, i.e., the residual strength of the 
impact-damaged plate. 	In Section 2, we calculate the critical buckling 
load of a fixed-end plate with a symmetrically positioned one-dimensional 
delamination. The results are useful as the starting point of the sequence 
of postbuckling solutions, which will determine the character of delamina- 
tion growth. Furthermore, it is shown that if the delamination is thin and 
the slenderness ratio of the plate is larger than the slenderness ratio of 
the delamination then the critical axial load of the delaminated plate is 
a good approximation to the load-capacity of the plate. In Section 2, we 
determine the critical in-plane load of a clamped circular plate 
containing a concentric circular 	delamination. When the results are 
normalized with respect to the critical load of a perfect plate otherwise 
identical to the delaminated plate, they are remarkably similar to the 
corresponding results for the case of a one-dimensinal delamination. 	In 
Section 4, we present two typical sets of results of postbuckling analysis, 
each corresponding to a fixed delamination length and to increasing axial 
strain in the plate. Qualitative differences between the two sets of 
postbuckling deformation histories are discussed. 	In the final section, we 
draw certain tentative conclusions concerning the residual strength of a 
delaminated plate on the basis of the present analysis. 
2 
2. One-Dimensional Delamination Buckling  
In the analysis of the buckling of a delaminated plate and the ensuing 
growth of delamination, it is useful to know the critical axial load or the 
critical axial strain which defines the initiation of the postbuckling 
process. Delaminations induced in a laminate by low velocity impact 
usually have a small thickness compared to that of the laminate. 	If the 
delamination is relatively short so that the slenderness ratio of the 
laminate is larger than the slenderness ratio of the thin delaminated 
layer, then the global buckling of the laminate precedes the local buckling 
of the delamination. 	In this case the critical axial load (P cr ) of the 
delaminated laminate is nearly equal to the corresponding critical axial 
0 
load (Pcr ) of a perfect laminate which does not contain the delamination,  
and the delaminated laminate cannot cary much additional load beyond P cr • 
The critical axial load is, in this case, a good approximation to the 
ultimate load-carrying capacity of the laminate. On the other hand, if the 
slenderness ratio of the laminate is smaller than that of the delaminated 
layer, then local buckling of thin layer occurs at a laminate load P cr (or 
laminate strain) significantly below Pcr , but such local buckling affects 
very little the deformation in the main body of the laminate. When the 
laminate load or laminate strain is increased, the transverse deflection of 
the delaminated layer becomes more pronounced until delamination grows 
spontaneously when the strain-energy-release rate exceeds the fracture 
toughness of the material. In order to follow the complete course of 
delamination growth and to evaluate the maximum load-carrying capacity of 
the laminate, it may be necessary to obtain a sequence of postbuckling 
solutions corresponding to increasing delamination lengths and increasing 
• 
3 
axial strains in the laminate. 	In such an analysis, the critical axial 
load P er is the starting point of the sequence of postbuckling solutions. 
In this section, we calculate the critical axial load, P er , of a 
homogeneous beam-plate containing a one-dimensional delamination, located 
symmetrically with respect to the two clamped edges of the plate. The 
results are normalized with respect to the critical axial load of the 
0 
corresponding perfect beam-plates,Pcr. Let  a denote the ratio of 
delamination length to the total length of the plate, and let h be the 
ratio of delamination thickness to the total thickness. Then, for each 
0 
value of h, the dependence of the normalized critical axial load P="Pcr/Pcr 
upon the dimensionaless length parameter a has the character as shown in 
Fig. 1. 	If h is small (thin delamination), then P is close to unity as 
long as 1 <Ti and P drops rapidly as 3 exceeds T. For larger values of h, 
the variation of P with -a- is similar in kind, although the decrease of the 
normalized critical axial load with the increase of delamination length is 
more gradual. 
To compute the critical axial load P er , we consider the transverse 
deflections u(1/), v() and w(5) of the three portions of the delaminated 
plate in the buckled state, as shown in Fig. 2. Let P1, P2, P3 and DI, D2, 
D3 be the compressive axial loads and bending stiffness (per unit width of 
the plate) in the respective portions. Then 
11 /(.5) -- A z A 541 A- 	A3r. 5- ;n/u = — A Sin 
where 
) 	FP27157_ , /(= J /P3 
Continuity of the slope -1.1 1(b) = v/(a) = wl(a) determines the ratios among 
the coefficients A, A2 and A3. 	It follows that 
Lt " (b) --' — A K• a c--.5 id? , 	r"(A) = A 	c,_ Ate , 
4 
LAI" (a.) = A /tA K. st'n /4-17 ct.,../tt 	. 
Equilibrium of the moments at the front of delamination requires that 
--- 	A fc,2" c,T5 	 A r- 	A -+ -1).3 	x, 5 
t ( ) /2 , 
where h is the thickness of delamination and H + h is the total thickness 
of the laminate. Comparison of the deformed curve lengths of the upper and 
lower delaminated portions yields 
(F 	1-1+  A g_ S1 ti 	 r Ar /() 245. — L 4 
	
( 	 = 2 
	3 . 
r 
Immediately after buckling, the terms-41/2) w/ 4 0and (1/2) v/ 2dare of the 2 
order A 2 and may be neglected in comparison with the term --L(H + h) Ads in-b 
Hence the last two equations deliver 
R-et ot- 	-+ (1— )3 Aa 	A A..+ 1 /a ctvy A 	3 (I— )29 Ft 	= D, 
where we have used 
E (H+k) 3  
L (I- 0 1) 
h 3  
V3 — 
At the initiation of buckling, we have 
= 
Define X = 	= 	a . Then the preceding equations yield 
t7/ 
X ) 
1- WI) (1) 
5 
(3) T>3 
7 2- P3tal- 
where i-.;wa/(a + b). For specified h and a, X can be calculated from the 
last equation by iteration. Then the normalized critical axial load is 
given by 
Pc t- J Py 61+02- 
Pc r° 	itz Vj 
P/ oCL 04i0' 
D i 
rk X 	(2) 
The results of computation are shown in Fig. 1 for h = 0.1, 0.2, 0.3, 0.4 
and 0.5. A similar procedure to obtain these curves without numerical 
iteration is to evaluate -a- successively corresponding to a sequence of 
specified values of X. 
Fig. 3 shows the axial load in the delaminated layer at the 
initiation of buckling of the delaminated plate, normalized with respect to 
the buckling load of an identical layer subjected to clamped end 
conditions: 
For a thin delamination (h 	Q is found to be close to unity whenever 
a 	h. Hence 
P= (FY- 
and a170 2 is a close upper bound of the normalized critical axial load 
PcriP cr , provided that h is small and .1?-1% 
o 
3. Buckling Load of a Clamped Circular Plate with a Concentric Circular  
Delamination  
A more appropriate analytical model of impact generated delamination 
is furnished by a clamped, homogeneous isotropic circular plate of radius R 
containing a concentric circular delamination of radius a = -a-R. For 
simplicity we assume that the plate is subjected to axisymmetric in-plane 
6 
compressive load P1 per unit arc length o.f the boundary. In the pre-
buckling states and immediately following the buckling of the plate the 
membrane compression is constant and transverely isotropic, as may be 
shown from the equations of equilibrium. When P1 exceeds the critical 
value, the three portions of the plate undergo transverse deflections u(r), 
v(r) and w(r), respectively, as shown in Fig. 4. Let P2 and P3 be the 
in-plane compressive loads in the two delaminated portions. Then 
ji (tin 	(lc (r) 	A le- 	(74-0 - 
yl (1, g) 
v / (r)---= — A 2 x J i 	 w 7(r) - 	/13/k Ji (/(r), 
where J1 and Y1 denote, respectively, first order Bessel and Neumann 
functions and wherelt, Aand /are dimensionless load parameters defined by 
    
X 	4 v 11/P2 	= 
Continuity of the slope at r = a determines the ratios among the 
coefficients A, A2 and A3. 	It follows that 
A tAi(r) 	 (z-/4 	- ( 4. r(4.)  
- 	 a) 	yl (z. / 4 ) 
vi(r)  
x- A 
( 1--(Z) 	 (.1. r/A) i J 04--) — — 	1/1 
(x(z) (A.) 	) 
tihr) 	C (t--ix) 	A j1 (/4 1-/‘10 
1 Jr (A-) 14. ('/e) 	 Jr (/A) 
Differentiating the preceding formulae and using the identity 
4 Jt (c 3-)  
d 
of Jo ( a 




a' IA "(A)  
g A  
Jo (t) 3-1 fc-) 	 _ r Yo (&)-- Y1 (t- ) 
(VA ) 
fJt ( — j((i (%ck--2_ ) y, 	 (A)  
J 	 (A) 
1 
j-1 	7, (fc/iT) y 	
I
jo  
(kA- ) I 	 (iu) 
3 
Comparison of the deformed meridional curve lengths of the two delaminated 
port ions yields 
(1-1)) 1'3 4- 
(t-V) Pz a 
E 




Ji (-7„T) yi Rol 
)1 (4/a-) 
Neglecting the terms involving A2 in the last equation and substituting the 
result into the equilibrium equation of the bending moments 
/(() + (PI — H) /Z , 




Yo 	— Yr (z) F(x, T) 
x_pi) 14- 	— 	 (lc) T) 
F(t.j) = 6 	+ 3 	
-- 	
;T  fr,T0( --- ) 
(/w) - I J(   (*) 
where the relation -k =0-11 	/4t- 	has been used. Let 11 be 
specified. Then, for any specified value of the load parameter;t, the 
right hand side of the last equation may be evaluated. Then the ratio of 
the radii a = a/R occuring in the left hand side can be obtained by 
iteration. Corresponding to the delamination radius a 	-a-R, the normalized 
critical in-plane load is given by 
8 
2 
Pcr 	(3-F3170C Y- D i 	3,8317.0 	
\ 
. 
Here the number 3.831706 is the first zero of Bessel's function of the 
first order. The results of computation are shown in Fig. 5 for h = 0.1, 
0.2, 0.3, 0.4 and 0.5. Fig. 6 shows the in-plane load in the delaminated 
layer at the initiation of buckling, normalized with respect to the 
buckling load of an identical circular layer subjected to clamped edge 
conditions at r 	a. 
The similarity and even the quantitative closeness between the curves 
in Fig. 1 and 3, on the one hand, and Figs. 5 and 6, on the other, is 
noteworthy. 	In both cases, it is seen that if the dimension (length or 
radius) of a thin delamination is sufficiently small so that the 
slenderness ratio of the laminate is larger than the slenderness ratio of 
the delaminated layer (i.e., a<5), then the normalized critical axial or 
in-plane load is close to unity. In such cases the existence of the small 
delaminated region does not significantly reduce the critical axial or 
in-plane load nor does it significantly impair the load-carrying capacity 
of the laminate. On the other hand, if T>h, then the critical axial or 
in-plane load may be significantly smaller than Jhe ultimate load capacity 
of the laminate. The determination of the ultimate load capacity requires 
a sequence of postbuckling solutions corresponding to increasing 
delamination length or radius. 	Procedure of postbuckling analysis for the 
case of one-dimensional delamination is shown in the next section along 
with the characteristic features of postbuckling deformaton. 
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4. Postbuckling Solution and Energy Release Rate of a One-Dimensional  
Delamination  
The procedure for computing postbuckling solutions of a buckled plate 
containing a one-dimensional delamination, and for evaluating the energy-
release rate associated with delamination growth, has been presented in our 
previous report. 	In this section, we examine the results of two sample 
calculations to show the change of postbuckling deformation with increasing 
axial strain. Although the axial load in the laminate first increases with 
the axial strain in a range immediately following buckling, for certain 
types of delamination geometry there is a maximum value of the axial load 
beyond which the load decreases even though the axial strain continues to 
increase. In such cases the maximum value is the ultimate load- carrying 
capacity of the laminate. 
Immediately following the buckling, the delaminated plate deflects 
transversely toward the side of thin delamination. The intact segments of 
the plate near the two fixed ends bend with a curvature toward one side 
while the two delaminated portions of the middle segment are concave toward 
the opposite side (Fig. 7). There is a discontinuity of curvature at the 
front of delamination because the reduced axial force in the thin layer of 
delamination contributes to an unbalanced bending moment at the front. In 
the case of a relatively short and thick delamination, this deformation 
pattern persists until the plate collapses under a maximum axial load or 
until delamination starts to grow with a sufficiently large energy-release 
rate. However, in the case of a long thin delamination the postbuckling 
deformation of the plate shows a qualitatively different later phase in 
which the curvatures of the intact segments and of the thick delaminated 
portion decrease as the compressive axial strain of the plate and the 
1 0 
deflection of the thinner delaminated portion continue to increase. 
Eventually the curvatures reverse their algebraic signs and the deformation 
of the plate assume a pattern as shown in Fig. 8. 
Two sample histories of a postbuckling deformation are shown in Tables 
1 and 2. Table 1 refers to a relatively short delamination for which the 
later phase of postbuckling behavior is entirely absent. Table 2 refers to 
a relatively long delamination. 	In this case the later phase of the post- 
buckling deformation is characterized by wider separation of the two 
delaminated portions and larger peeling moments at the delamination front. 
This enchances the growth tendency of the delamination, and as the delami-
nation grows the fracture mode has a pronounced mode I component. 
Computation of the postbuckling deformation is based on the following 
analysis. Let w() and v(5) denote respectively the transverse deflections 
of the thinner and thicker delaminated segments, where the coordinate,; -= is 
such that 5= 0 at the midpoint of the segments and J = a at the front of 
delamination. Furthermore, let u(y denote the transverse deflection of 
the intact segment of the plate, where 1= 0 at the fixed end and 	= b at 
LL 
the front of delamination, then 
— A (1— cA ,s 	, 
— 
 A L
s-;4." (cos Ay — cos 	+ 	4-- 1,j 	(5) A si`yi AA- 
r 	sim 
— A 	— (c,,, /r — e-.14A) -I- 1— c 	J . 
where 




Then the equilibrium conditions 
	
PL -+ P3 ,Yf u //(b) = "AL Ai "(t) 
p3  w 11 (4) — 	II /a + P3 H /2 
and the compatibility condition 
-F3- 4 	(kA/ /5Lal 	
EH 
‘t_ 	 ( d w
/
01 ) 
yield the following relations 
zz)/0-1T) 3 
A ic- 5irt 6 = 17±-ki 	oc• 2 	2-) , 	 (7) 
I  
3 0- 121) (I— 	 fo(2-72) 	— 	 si'H IZz ta, Z 
( Sib—L''T)> 	y l ...y)}= 0, 
where 
The quantities X and Z are related, respectively, to the normalized axial 
load of the whole plate P = PI a 2 /(7 A-2 DI) and the normalized axial load 
of the delaminated layer, Q = P3a 2 /(71:2D3), according to 
=J - 1- . 
ir 	\I 64 
For any specified supercritical value of P, X is evaluated from Eq. (10a) 
and Y, Z and 	are computed 	iteratively from Eqs. (6), (8), and (9). 
d') 
12 
v(o) 	_ 	[ (Y/z)  
1: 2- 
-t) X /z 
x /2_ 
(z/2.  
z / 2- 
z //(a ) 	 z 7 
z 
(1/2-)  
L 	Y / 
17_ /.561 
Equation (7) yields the coefficient A in the expressions of Eq. (5). Let t 
H+h denote the total thickness of the plate and let 
z ( 	z 2- ) 
zT 
-Then the following expressions characterize the normalized deflection, 
separation and curvature of the postbuckling solution: 
al- v 8(0) 
2t 
5i,11 	)ii<ti,-T--1) T.  X 
) )-1 )(1 	• 
The bending moments at the delamination front are 
M1 	
Ril(°7=1 	+ 1) 1 
M3 	w (a) 	(8, 1- D3 	ckt . 
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Let Tand M denote the dimensionless quantities 
T 3 (x2- z9 	cr  3(f—V 1-) (1--fl 	I, X  
7-( 2- 	 tg" T X} 
(X7 - z 2 ) -7 	± 
	
L -644 ' t44" 	a - I) T1. X 
—Then the energy—release rate is expressed by 
E  1 	F  
gh ()- 01-) (A+1,)4 L 0-0 -9 T;(1-r,) 	 ----- 
(13) 
The results shown in Table I correspond to the case h = 0.1 and -a— = 
0.05. Buckling occurs at normalized axial load P = .99751696. Separation 
between the midpoints of the delaminated segments reaches a maximum value 
when P = .997535. The maximum value attained by the normalized axial load 
is PMAX = .99753683. Further increase in the axial strain of the laminate 
is accompanied by a reduction in the axial load. When the normalized axial 
load decreases to .997535, the two delaminated portions contact each other 
and thereafter our postbuckling analysis, which is based on the assumption 
of non—contact between the delaminated portions, ceases to be applicable. 
For this case the collape load is extremely close to the buckling load 
(1 ) 
14 
(Pcollapse' 1.00002 P er ), and the transition from the first phase of 
post-buckling deformation to the second phase does not take place. 
The results shown in Table 2 correspond to the case h = 0.1 and a = 
0.125. The normalized axial load is 0.,638223 at the instant of buckling. 
When it reaches the value 0.6504, transition from the initial to the later 
phase of postbuckling deformation occurs. Furthermore, the maximum value 
of the normalized axial load, 0.9236824, is considerable greater than its 
value at the instant of buckling. 
5. Conclusion  
For a homogeneous plate with fixed boundary conditions containing a 
thin delamination (l < 0.1), some tentative conclusions concerning the 
residual strength may be drawn from the results of the present analysis. 
If the size ratio (of the delamination vs. the laminate), a, is smaller 
than the thickness ratio, h, then the existence of the delamination does 
not appreciably lower the critical axial load of the laminate, and the 
latter is a good approximation to the ultimate load capacity of the 
delaminated plate. On the other hand, if -E T> h, then the normalized 
critical axial load is close to 	 The ultimate load capacity of the 
delaminted plate is, in general, considerably greater than (ha) 2 . Delami-
nation growth starts when the axial load is sufficiently large so that the 
energy release rate given by Eq. (13) exceeds the fracture toughness of the 
material. The axial load at the initiation of the delamination growth, or 
the axial load capacity of the completely delaminated laminate, whichever 
is greater, is a lower bound and, in general, a good approximation to the 
residual strengh of the delaminated plate. 
Although the foregoing conclusion is mainly based on the analysis of a 
one-dimensional delamination, the similarity between the curves in Figs. 1 
1.5 
and Fig. 5 supports the validity of the conclusion concerning the critical 
loads as referred to a circulr plate with a concentric circular delamina-
tion. This suggests that the residual strength of a plate with an arbi-
trarily shaped delamination may be considerd by following a similar 
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Part I 
Wave Propagation Due to Impact in 
Laminated Composite Plates 
Wave Propagation Due to Impact in 
Laminated Composite Plates 
During the subject period, an analytical and numerical study of the 
transient dynamic stresses in composite laminates subject to impact has 
been continued. Calculations of the transverse and longitudinal propaga-
tion of interlaminar stresses is expected to yield valuable information 
on the initiation of delamination damage to composites resulting from im-
pact loading. Explanations of experimentally observed phenomena and the 
determination of critical parameters (such as material properties, stacking 
sequence, and loading function) are primary objectives of this phase of the 
project. 
In previous reports, a description of the analytical techniques used, 
based on extensions of the work of Kim and Moon [1], has been presented. 
In this formulation, approximate equations of motion for each layer of the 
composite are obtained by discretizing all field quantities in the thickness 
direction, resulting in a set of difference-differential equations for each 
layer in terms of interfacial displacements and stresses. The equations are 
then transformed using the Fourier Transformation in spr,71e and the Lap7.ace 
Transformation in time, yielding a set of linear algebraic equations con-
taining as unknowns the transformed interlarainar displacements and strcses, 
in terms of the Fourier Transform variable k and the Laplace Transform vari-
able s. When boundary conditions on the surfaces of the composite plate 
corresponding to normal impact loading are incorporated, the result is a 
set of 6 N equations for the central impact (three-dimensional) case, or 4N 
equations in the line impact (two-dimensional) case, for a plate containing 
N layers. The linear algebraic equations form a block-tridiagonal system, 
for which an efficient solution algorithm was outlined in the previous report. 
1. Inversion of Fourier and Laplace Transforms  
Using the above-mentioned solution repeatedly, interlaminar stresses 
and displacements in the transform space may be obtained for discrete values 
of k and s (wave number and frequency). It then retains to numerically in-
vert the transform to obtain displacements and stresses as functions of 
space and time. This is accomplished using the Fast Fourier Transform (FFT) 
algorithm developed by Cooley and Tukey [2]. The FFT algorithm makes possitle 
efficient machine computation of the so-called discrete Fourier Transform 
(DFT), 
(N-I) 	 rr T -YjA./ 
) 	Y. A (1) e 	7'- 03 	) 0V-1) ) 	( 1.1) 
o 
and the inverse discrete Fourier Transform (IDFr), 
o-1) 
J.) 	 H() 	a Tr z .
77N 
T.0 	
0 / 	fAi_i • • 
(1.2) 
It is first necessary, then, to establish the connection between the con-
tinuous Fourier and Laplace Transforms, with respect to which the equations 
of motion were transformed, and the disCrete transforms defined by equations 
(1.1) and (1.2). 
In order to numerically invert the Fourier Transform, we must calculate 
integrals of the form 
(1 . 3) 
where u(x) represents an interlaminar stress or displacement as a function 
of position, and U( 
	
is its Fourier transform (s and t are held constant in 
this discussion). If significant changes in u(x) are expected to occur only 
2 
Per distances greater than 7, the largest wave number that need he con-
.dered is 
K -7 "27r/A 
	
(1.4) 
ierefore, (1.3) may be approximated by 
) 	J 	 e
_ 
14 
shifting the interval of integration, 
at< . 	I 	 - i h X 
Li ( X) - agare x fp u(h - H)e 	ci4 	(1.5) 






U( z - k) e 	el -4 3 	(1 . 6) Z. 0 
re 
Nx . A 	
) 
(1.7) 
ation (1.6) may thus be re-written as 
e
L:kx0-1/A1,)(Nrt-') 	 . c2 	x 
L U( -4. -k)e - ` " Tr Air  (1.8) 
o this point in the discussion, x is a continuous variable. If we now 
luate x at the discrete points 
X X = 
tion (1.3) becomes, after some rearrangement, 
, 	 3-Ng 	
(A/F--).) 	 -4 .2 7 I,37/ p 
7r -Afr e 	 z_r- U(* 	e 
x=0 




Comparing equation (1.10) with the definition of the ID FT, equation (1.2), 
we see that 
A( 	in- T(A4 -1 )dvp 	( 3-) 	J- =0,1 5 .,. ) (A/F - I) ) (7.to tA(XT) .--- —7v;  e 
where h(J) is given by equation (1.2), in which 
/I ( 2- ) 	 - 	 . 	 (1.12) 
Hence, once X (and therefore K) is set, the set of algebraic equations for 





- K; the FFT is used to compute the N
F 
values h(J); and the stresses 
or displacements u(x.1) are obtained from equation (1.12). Stresses and dis-
placements are thus obtained at discrete intervals in x of X/2. 
It should be noted that the approximation of the TDFT effectively re-
places the single impact loading function with an infinite array of sources, 
periodic in x [3]. As a result, calculated valees of u(x ) represent the true 
response only up to x = %(N
F




must he chosen sufficiently 
large that disturbances have not propagated past this point, Otherwise, the 
calculated results will include disturbances emanating from the fictitious 
sources. 
Inversion of the Laplace Transform follows similar ,eeps after noting 
its similarity to a Fourier Transform. We now condider the interlaminar stress 
or displacement as a function of time, u(t); U(s) is its Laplace transform, 




	+ iw, where c is a constant greater th:-1 the maximum of the 
real parts of the poles of U(s); then 
Li(C+iw) 
1 
2 7T J 
00 
0 (.277- tad e-ct ) 
d.6. 
(1.13) 
Equation (1.13) has the form of a continuous inverse Fourier Transform of 
the function 






Inverting back gives 
00 	 N 
..27ru(f)e-'t 	J ut"._ r " ) e 	do. (1.14) 
As before, U(s) will be known at discrete values of s from solution of tLe 
algebraic equations, and we attempt to cast equation (1.14) into a form such 
that we can calculate u(t) at discrete values of t using th:LI FFT. If sig-
nificant changes in u(t) ire expected to occ:tr over times greater than T, 
he largest frequency thiit need be considered is 
(1.15) 
 t 	
j, 	 t 
ilt) = 	e 	u(ckit,i) 
Shifting yields 
ult) d-rr 
Replacing the integral by a finite summation leads to 
5 
where H(J) is the DFT defined in equation (1.1), with 
As a result, once c and T (and therefore 0) are decided on, the algebraic 
equations for transformed stresses and displacements arc solved for the N L 
 values of s = c 	i(0), - 0); the FFT computes the NL values HO); and th  
However, it conjunction with the FFT, there is a finite range of useful 
crete time intervals of T/2. 
In theory, c must only exceed the real part of the rightmost pole of U(s). 
values of c in order to balance round-off errors and aliasing errors for 
stresses and displacements u(t.,) are obtained from equation (1.19) at dis- 
large t in the FFT [4]. It was found in implementation of the computation 
that a reasonable amount of trial and error yields an acceptable value of c 
for a given T. Choices of the parameter T in the Laplace inversion and of 
Choice of the parameter c affects the accuracy of the computed restit. 
(.7. ) 	U(C# 1: 





It) 	e  
	
X1-.0 	 (1.16) 
4) 
If equation (1.16) is evaluated at the discrete times 
= s r- 	J 	 (1.17) 
we get 
Irr 
u(t 1 ) 2 Tr—keXp( -11 C 
A in the Fourier inversion are made simply on the basis o the duration and 
extent of the impact loading function. 
Inversion of both transforms requires a total of NFNL combinations of 
the transform variables k and s. However, the system of ajgebraic equations 
need only be solved for NN
L 
 /4 such combinations. The solutions for the re- 
maining 3N
F NL  /4 combinations are obtained by taking advantage of symmetries 
And antisymmetries of the solutions of the algebraic equations about k = 0 and 
S = c. 
1.2 Computer Program for the Calculation of Interlaminar Stresses 
The above analysis has been implemented in a FORTRAN computer program, 
called IMP2D, for the calculation of interlaminar stresses in a laminated com-
posite subject to line impact loading (two-dimensional case). As noted in 
the previous report, the 2-D case will be investigated first in order to test 
the procedures, examine the difficulties, and explore general, qualitative 
trends before implementing the more general and more complicated central im-
pact (3-D) case. 
A documented listing of IMP2D is given in tale Appendix. The program 
accepts as input geometric quantities (number of layers, layer thickness, 
fiber c -cientation of each layer), material constants, load parameters, and 
number of inervals in the discrete Fourier and Laplace inversions. Output 
lists the interlaminar normal stress and shear stress at each interface as 
functions of position and time. For the case of a 6-layer plate, using 32 
time intervals and 16 spatial intervals, execution time for the progr:n is 
approximately 20 seconds on Georgia Tech's CDC Cyber 730. 
1.3 Results for Line Impact  
7 
Results obtained to date for a multi-layered composite plate subject 
to line-impact loading arc summarized below. Figure 1 serves to define some 
of the nomenclature used in the discussions which follow. At each interface 









) are calculated. 
Disturbances due to impact will propagate both transversely (through 
the thickness) and longitudinally (in the xl -direction). Due to the signifi-
cantly different speeds of propagation in the different directions, and be-
cause of the nature of the numerical inversion process, the time duration 
of the loading function determines to some extent which type of propagation 
may be studied. Hence, to study transverse propagation, a load of short duration  
is applied in order to facilitate calculations at time inteavals small enough 
to emphasize the details of the rapid propagation of stress waves through the 
laminate thickness. To investigate the slower longitudinal propagation, a 
load of relatively longer duration is applied, enabling stresses to be calcu- 
lated over time intervals long enough to allow the disturbances to propagate 
in plane sufficiently far from the region of impact loading. 
1.3.1 Propagation Through the Thickness. In order to test the compute  
program, the case of an isotropic steel (E = 30 x 10
6 
psi, v = 0.3) plate 
was run for the following conditions: xo = 1.5 in., t o = 3.4p, sec., layer 
thickness = 0.2 in., N = 6 and 8 layers. Figure 2 shows interlaminar normal 
stress, normalized with respect to Po , vs. time at each interface at the 
point x1 
 = 0 (directly underneath the center of the loaded region). The 
results compare favorably to a similar test case in [1]. The initial com- 
pressive wave propagates transversely to the bottom surface, from which it 
is reflected as a tensile wave. Speed of propagation through the thickness 
t  
n=o— 
n = 1 
n=a 
nr-N-1 
A = N 
Yr) pac-f too..01 ;n3 CuAcho vl : 
Pe, 	 fix , X I 	 \ 	1K1i 	C4- 
-Tr ( 4- C6.1 	7)(  I , Cos 	-6 0 ) 
0 L t -4 -6 
0 
C.(Ar-e. 	 layer' phoLe &L) "(lee. 	/0 	e 
7 eo ,ite 11-r y arid nomenclet y-c 
9 
rnp aC1 SkA r ace. inpo.c,4 StArfac-e. 
diN  
I Po 11- 
rcz 
3 	4 
Free Saeft.; ca 
i jr r 	. r..!,:e 	rOp a.y 	. or) 	h Of 	 a r7 	/,,c. 	o p 1 . 	/ 0 / 	: 
o_n (n = 0 1 	 ) c1: 	0 . L  Layer 
to 1r 3. H .,use 	N 	15)A1 =9. 
Lhickness 
is very close to she theoretical dilatational wave speed (2.35 x 10 5 in./sec.) 
c, shape of the initial compressive pulse is well-preserved during its initial 
transit through the thickness; distortion becomes more pronounced after reflec-
:_ion and subsequent transmission. This distortion is due to geometric disper-
sion caused by the presence of the plate boundaries. These results serve to 
establish confidence in the analytical model and the numerical techniques used. 
Through - thickness propagation was next studied for the case of orthotropic 
layer7.!. 	Elastic constants used were 
20.62 1.031 1.031 0 0 0 7 
2.433 1.004 0 0 0 
C.. 	= 2.433 0 0 0 :‘ 1 0 6  psi 
71 	.1 
.714 0 0 
2.0 
2.0 
for fibers oriented in the x1
-direction (00), where 
6r. C 	E- 
tj 





E 2 = E 3 
= 2 x10 ^ psi, v12 = v13 = 0.3, v23 = 0.4, G12 	
2 x 106 psi for a transversely 
itropic layer. Program 11413 21) was run for a 6-layer plate, with A = 0.3 in., 
x
o 
= 0.6 in., to = 1.53 p, sec. , and several combinations of 0
o 
and 900 layers. 
It was found that transverse propagation of interlaminar normal stresses ex-
hibits the same features as in the isotropic case shown in Figure 	2. Stacking 
sequence has essentially no effect. This result may be anticipated, since the 
transverse modulus (C22) is unaffected by changes in fiber orientation in the 
1 1 
plane. Maximum tensile and compressive interlaminar stress on all inter-
faces occurred at x i = 0 (directly underneath the maximum load). There 
appeared to be very little longitudinal propagation of a
22 over the time 
interval calculated. 
In contrast, interlaminar shear stresses 
T17 were found to propagate 
longitudinally as well as transversely. Figure 3 shoals a typical result, 
for a [0 0/00/900/900/00/0° ] layer stacking sequence. In this figure, inter-
laminar shear stress at each interface is plotted vs. x at each time step 
calculated. 
1.3.2 Longitudinal Propagation of Shear Stress. In order to investigate 
the propagation of stress waves in the x.-direction, the duration and extent 
of the loading were in-creased, with xo = 1.2 in. and t o = 10 p, sec. in the 
anisotropic calculation. This results in calculation of stresses at longer 
time intervals, enabling one to observe the propagation of flexural waves. 
The time duration of the loading is sufficiently long in comparison to transit 
times of through-thickness strees waves that their presence is not observed. 
A typical result for shear stresses at each interface vs. x i for several 
times is shown in Figure 4. Speed of propagation of the peak shear stresses 
is significantly iese than that for dilatational or shear waves, indicating 
that they are propagating with a flexural wave. It is noted that, for cases 
of stacking sequences symmetric about the mid-plane (as in the example shown 
in Figure 4), the interlaminar shear stresses are also very close to symmetric 
about the mid-plane (i.e., shear stress on interface n=2 equal to that on 
n=4, and ri.= 1 equal to r1=5), further indicating transmission via a flexural 
wave. As before the interlaminar normal stresses 
22 show no tendency to 
spread in the xi -direction. 
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1.4 Conclusions and Future Work 
Based on the results obtained to date a summarized above, it is 
possible to arrive at some tentative conclusions concerning the initiation 
of impact induced delamination, pending further investigation. At this 
point, it appears likely that delamination is initiated in a small region 
underneath the loaded area by tensile normal stresses reflected from the 
bottom free surface (as in Figure 2). Initial delamination would thus 
occur first at the interface nearest the free surface (n=N - 1), followed 
by subsequent damage at hither interfaces as the tensile wave propagates 
upwards. It should be noted that the calculation of interlaminar stresses 
in this work does not take into account any changes in the dynamic response 
of the laminate once delamination has begun. However, one would expect 
that, as part of the energy of the tensile wave is absorbed by the delamina-
tion process, the amplitude of the tensile wave transmitted onward will be 
attenuated. Hence, initial damage will be most severe at the interfaces fur-
thest from the impact surface. 
Subsequent to this initial delamination occuring in a small region under-
neath the impact zone, damage may spread in the plane of the interface due 
to interlaminar shear, as the slower flexural wave develops and propagates 
longitudinally (Figure 4). Experimental observations by Takeda, Sierakowski, 
Ross, and Malvern [5] indicate that delamination cracks do in fact propagate 
with the velocity of flexural waves. 
Experimental results further indicate that significant impact-induced 
delemination damage only occurs between layers with different fiber orienta-
tions [5,6]. The calcelations summarized above indicate no dramatic differences 
in .interlaminar stress magnitudes between layers with different orientations vs. 
15 
layers with like orientations. Hence, it can only be concluded at this 
point that delamination fracture resistance between like layers is greater 
than that between unlike layers. 
In summary, numerical calculations based on the case of line-impact 
loading indicate that the multi-layer model used is a promising one for 
the further investigation of impact-induced delamination in composites. 
Further work is underway in an attempt to verify the preliminary conclu-
sions stated above. Study of the factors influencing the distribution and 
maximum values of interlaminar stress, including stacking sequence and 
impact loading parameters, is continuing in an effort to consider the effec-
tive control of such parameters to minimize or contain impact-induced delam-
ination. 
The promising results obtained to date indicate both the feasibility 
and the desirability of extending the calculations to the case of central 
impact (three-dimensional wave propagation). It is hoped that such an ex-
tension will help to explain and quantify experimental observations as to 
the directional dependence of in-plane delamination propagation on fiber 
orientation. Further study is also suggested concerning the development 
of delamination failure criteria in relation both to the calculated dynamic 
sses and to experimentally observed delamination patterns. 
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A. listing of the FORTRAN program IMP21), designed for the calculation 
of interlaminar stress in a multi-layered composite plate subject to line 
impact loading, follows. Documentation is included within the program.. 
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AAitIPCP1) =- 1.AA(ll'i) 
AA11.919I) - 10 4 At(01;1) 
A1A1t3,2,1).AA(31,1) 
Ati1A4,101)2AAI491,1) 
4 	AAI(41411) ■ - 1. 4 i‘A(4oN,1) 
:du a5 iL=1,NL2 
4ALuES 	SNi.LL S .1 1T 	 Tu 3L 	UtAEL) 
DSSmutNS'I'.0'S 
DU as 1=1,N 
,!, A(ip1,1).C11(1)1Kv+JS 
/14(c,201) ■ C56(1)*Kiis:i 
CiA(i/ip1)=(C11(1) — Lic(l) 4'ci(1)P,2Z(1)) 4LK#K+3.*Cbc)(1)/(*)j) 
liDSS 
44(1,e11).3.4(1)/( .5u*Dt;)+DSS 
4A1 	U1)=44(10 .1.'1) 
A.L,it3s1.91/n — i,+PAL:.riti) 
L5 A41(=r,2,H ,g-1.,*14A( ,-,,L,1) 
LIAL ..)Jr-siVAT -KIX bLLiCt', S uF 	 SYS1LN 
fiLL TEL "A" SU&mt1r1L -E-3 
L)J 5 1.ip2 
12.1+C 
DJ; 7 J=1,2 
5 	61(1,J).AA1iiL,J,i) 
IF(N.E.). 	16 h., 
L✓ j h lc2,61M1 
uL! n 1=1,2 
/2.0-2 
20 
00 d J=1,4 
t 	AtI,J,L)=A41(I2,J,L) 
7;J uj P 1=1,e 
LY0 7 J=1,4 
7 	AN(1,J).mA1(IL,J,N1 
C 	FILL lmE "ti" suoimimiLEs 
DO d 1:1,2 
JO 3 
b 	JO(1,j)=AA1ti,J,1) 
03 i L:15,4M1 
LP1:L+1 
JO ij 1:i,2 
12.142 
uu IJ J.1,4 
1U bl1,J,L)=AA(12,J,L) 
bU li 1=3,4 
12=i—e 
30 11 J=I,4 
11 	t1,J,LI.AA1(12,J,Li) i) 
L;ONfINJE 
uU 1e. 1.1,2 
12=1+ 
LL1 12 J=1,2 
IL 6N(I,J)=A4(12,J,N) 
tILL THE "C" :AJ8MATI, IL[S 
J. 13 I=1,2 
UU 13 j.1,4 
.,u(I•J)=A4(1,J,1) 
1F(N.t.).2)GLJ TU 71 




jo 14 J:194 
14 ..(1,J,L)=At(12,J,LF1) 
7i 00 15 1:314 
12:1-2 
JD 15 J=1,2 
LNM1(1,J):AA(12,J,N) 





C 	SuLvC THE SYSTEM OF AL3E34'A1L EJU•TIoNS FO4 A 
PAlr ur K ANL J. 
6 	Te2(1F,1L,J) ANj 112t1F,IL , J) A;ZE IHE IrANFCHMS OF 
L THE INTErLAMINAR NErMAL ANL; :)HcAr 	 1HL 
L 	If-fm VALJL OF K, lt.c IL-1H VALUE ANO THE: J-TH 
;,ALL Tz:IDIE(N) 







ANL, ANii,fhME1r1c3 iiv 	friL 	.S.-Ii.u1- 1 	16 
L 	C,..LCJLATn T22 Alt; 112 	lmE 	 CF K Al\iU So 
Ud r.) J=1,NM1 
OU lb Ifxl.pNE2 
Lib le ii..w1/NLE 
72%..(1F,IL+NL2,1)=LJJ1422(IF,NLL—IL41,j3) 
7; T12(1H, IL+NL2,J)=—.L. .;(1.:e(IF- r.;L2-1Li1v,1)) 
0] 74 ILlsi,NL 
Ie(NF-1F+1,1L,J)=-122(1F,IL,1) 
74 lli(NF-1F+1,1L,J).--1. 4 112.(1F9IL,,J) 
-(c:. CONTINUE 
CONTINUE 
C 	1NVRi TriE t'OURILK 1,?4W.0-6 
CU 17 J=1yNM1 
CU 16 1L.1pNL 
00 1 .-; IF=1,NF 
4122(1F)=LUNJUd1ce(ii-piL,J)1 
A112(1F)=CUNJ6(112.(IE ► IL,j)) 
CUNTIN. 
C 	1-A-12C IS A SLJbulINL- 	 ti, T;ILMATI AL 
ANL., 51411.)1iCAL 
BALL FFIeC(AT22prE,1,, K) 
CALL 	i- 1 121(A1- 12,:‘.i-ble:K) 
U0 2 . ) 
LiC=CY;PLX(0.1,P1';'JF*ki'll/NE) 
IE2t11-,IL,J).KK",- LL PIci4CLINJ1..„..(1))/(,vr*P1) 
112(11- pil.,J)=rSK 4 LLxP(Jc)tLLNJU(A112(Iis))/(NFP1) 
2C CU,iTINUE 
CONTINUE 
INvLki 	irit 	LAPLACE ImA;N. 	OF 1e:2, 	ILL. 
0J 21 IF-=1/NF 





00 23 IL=1,NL 
JL=IL-1 
..:=',2NPLA(P1 4 JO'LL/CO3-1.*PI*J11/NL) 
TL2lIFFIL,J)=0M/(NL 4 P1)4LE03 (bC)Aice,(IL) 





ruCrl INlEkFACt, lislErL4MINAk kurkki, ANj SdEAr< 
Ar.E PR1N1EL. 	LACH 	 1hr Jc1PUI GIVES 
irk rESULT A5 Al li,dc,,,A‘,Ls i-kur zLkJ IN L, ILPS Cr A0/2. 
EACI CuLUMN OF Tit 	 r, :),JLT AS T 
INCKEASS FmuM LLKL, IN SIEP') 
UU 	J=1,NM1 
wRITElbol')C)J 
1'./3 fbRil“(3A,16HIN1t:ki-ACL 	 pil,///) 
riSHLIE(b,25ij) 
1-- ursrlA1(1.3X52bri1N1ENLAINA 	fsoS.AL 
22 
JU 	IL=IoNL 









uD 93 IL=1,NL 









L, u3KOof1NE ij CALCuLA1E TrE TkANSJ.i 2E THr. IMPACT 
	












C 	SUbkOUTINE TO SOLVL ThE 'ILECK-TmlLiAUNAL SYSTEM OF 
C ALGEDAIC EQUATIONS 








C 	FukAAKO -SOLVE 
C CALCULATE PO 
DO 1 .101,2 
DO 1 J81,2 
I PO41,J)=3(1,J) 






00 50 I.1,2 
00 53 J.1,4 
33(1.,J)=U. 
DO 51 L=1/2 
51 QW(1,J) -'00(1,J)+PCI(IrL)CU((.,J) 
CLiNTINUL 
C 	CALCULATE P(1) 
00 4 1=1,4 
DO 4 J.1,4 
DUM=(D.,0.) 
123 5 L.1/2 
5 DUM=DUM+Al(I,L)*CD(L,J) 
4 P(1,J1.1)=b(1,J111)-DUM 
IF(N.EQ.2)C0 TO .t2 
C 	CALCULATE THE Q'S 
NM2 ■ N-2 
DO o K=1,NM2 
DO 7 M=1,4 
DU B I.i/4 




DO 10 1=1,4 
1C Q(1,M,K)3Y(1) 
! CONTiNuE 
L 	CALCULATE THE P'S 
KPI=K*1 
123 11 1.1,4 
U0 11 J.1,4 
DO 12 L=1,4 






00 13 M=1,2 
DO 14 1=1,4 




00 15 1.1, it 
16 UNM1(I,M)=Y(1) 
13 CONTINUE 
C 	CALCULATE P(N) 
DJ 17 1=1,2 
00 17 J=1,2 
0UM=t0.,0.) 
DO 18 L=1,4 
15 0U1=UUM+ANCI,L) 4 NM1CL,j) 
17 PN(I,J)=3N(1,J)-OoM 
C 	CALCULATE THE U'S 
U0(1)=P6I(1,1)*DC(1)1(1,2)4Dul2) 
00(2)=PkAl2,1)*OC(1)+P,1t2,2) 4 0UL'A 
DO 25 1=1,4 
LiO 25 J=1,4 
25 A4(1,J)=P(1,J,1) 
DO 26 1=1,4 
DUM=l0.,O.) 






1F(A.E,C).2)GO TO 53 
DO 29 K=29NM1 
KM1=K-1 
DO 3C 1=104 
DUM=t3.00•) 
DO 31 L=1,4 
3i 0UM=0UN+A(1,L,K) 4.U(L,KM1) 
30 134(I)=D(I,K)-DU? 
DO 32 1=1,4 
DO 32 J=1,4 
-----S--- 
3 2 Ali( 	 J,K) 
CALL GAOSS4 
DO 33 1=1,4 
33 Ull,K)=Ytil) 
29 CONTINUE 
53 DO 34 1.1,2 
DOM=(U.,U.) 
DO 35 L=I,4 




UNt2)=(84(2)4LPN(1,1)-34(1) 4 PN(2,1))/DETPN 
C 	SACK--SOLVE 




DO 30 11'1,4 
UON=(u.,C.) 
yO 37 L=1,2 
37 DoM=DDM+JNMI(1,L)*AN(L) 
3t X(1,NMI)=O(1iNM1)—OU 
1F(N.E ,.;. 1)G0 TL: t4 
DJ 38 KuLpNM1 
M=N—K 
M1=41 
DO 34 ix1,4 
DUMm(0.,0.) 
00 4C L=1,4 
4u DUM= Itt.,01).(Lon1) 
34 X(1,M)=O(1,Mi—OLM 
CONTINUL1 
54 DO 41 1=1,2 
Do.;1=(U.pDa) 






:)LiorcULJIINE 1 . 3 SOLvL A 4,A4 Ll HA-k SYSTL ∎ ', 3Y 












DO 5 1=Lp4 
ii- (4uS(A(1,L.M1))•CI.31tAUJ IL) 













JO 6 1=1.14 
A(1,Lm1)=A(I,Lh1)/A(Ll1pLMI) 
£30 4 J=Lp4 
' 4(1,..1)=“itJ)-4(1,L, -11)*A(LM1,J) 
6(i)=t5(1)—A(1,LN1) 4-o(1) 
ii- (L,Lc.q3)G0 TO 
64i2K SULVL 
X(4)=6(4)/A(4/4) 
X(3)=(3(3)—A(3,4) 4 ).(41)/11(3:3) 
X(2)=(b(e)—A(2,3)'i-X(3)—A(14)*X(4))/A(21.,e) 




4 	 [Ht FULLJAIN 	suclrO011NL !4 AY 	A i'AJPIHAm:Y PkJOUCT A%;-_) iiS 
73tEN PUmCHASE0 Gr SUL,SCK1nEJ lu 6t C-L- Or.'01A TECH FUK OLIk CONTt , it. OAla 
c6,:r6. 	ANY kEPkOucLlioN O 	Iris 	AS IN A -THSIS Or CiSsEt;.TAT,uf4 
F3 ,< i)JPLICIT1JN LE r, E;)LLI, SHLL:L0 INCL'_.);.: THE FOLLOiNG 
1HE LISTEu C:AL IS vJfi1 OF A PkuPPIE1An 	PP:, LbUCT bELN(ANC7 
10 	 
THE LIST1N,;S 	h:.PkOLUCEL. 'n1To lrir PEPMLSSILN OF 	 
THc LIS1IN6S V'A'Y 	 E;(1mACILL FjK Jf H F K pu r/PLES, j:j c z; 
AS THE BASIS FLII, L,A1 	 UL ■icLOPE4T. 
C 	imiL 	 NAME 	FETzC 
C 
C 	  
C 	C 7J1pc„rEre 	 — CDC7S1NGLL 
C LAI LS T hEUISION 	 JANCAkY 1, 1.73 
PoPPiSE 	 (::NPUit. THL F:;H 	 1ANSFLKM OF a 
COMPLEX v.J.Lu-_, SL;,)oLNCE 	 EL, AL 
A PL#Lk 
C 
UJAt 	 — CALL Fr TLC (Apt)plAK) 
C 	A !,.LIM:iNTS 	A 	Cut.,Pitx *LCIU!./. LE LENGTH N, 	N=?**M. 
C CN INPui 	:,L..NIAIN; THE C3MPLEx VALLEU 
C 	 SLCUtNLL Tu 	IkANSFOKNE4. 
C Lk OLT- PC. 1 A 1S mtPLt,CED nY THE 
uoi, It p, 	1, 	u-f M. 
LAFL%C,f IL r4RIH. 2 IS , 1SED TL 
L 	 i-ruLfuCE 1 HL Nt.m...',Em OF DATA POINTS, N 
(l.t. N 	24). 




P:-..C11oN/H4 3AAKE 	— siNC1T ANU LLL)L.L/H:)2 
C SiNLI.c/H30,m1(orit.c 
C 
IMSL kbuTINLS — NOkE kL -..W.PtL; 
NUIAIION 	 — INFL%iMkilLN UN 	 NbIATIGN AND 
LJNvLN)ILINS IS AVA1cA3LE iN THE MANUAL 
1k1F, ODOCTIJN uN IH2OU'oH lAsL EOJTiNE UHELP 
KE ,■ 4 ,“S 	1. 	FETiC CL:1PoTES THE_ Eoult-_. 	TANSFO, A. ACCOkOiW6 
	
10 TMs 	tULL,',01NL) 
A(K41) 	3U ■li f;.:Jm J 	Tj N-1 OF 
;-(J11)*LLAPtic.,(2.J 4 P1 4 „1=;-- K)/N)) 
FOF K=Jy1;...,N-1 Ar.L./ P1=3.1415... 
NOTE THAT A LJVLkA..iiiL'J a UN OUTPUT. 
2. 	FF12C CAN 6E_ USED ILI COMPUTE 
27 
C 	 K41) = (iiN)SUM J = r3 TU N—I OF 
,.(i+J.) .4 CLAV((p( - 011K)/N)) 
FLA h=0.1....,N-1 AN„; Fi=3.1415... 
t. 
C 	 BY Ptr4lAt",INC: 	FULLUAIU AE:PS; 
C 	 L] 1J 1=1. 




C 	 A(I) = CONJG(4(1))/A 
C 20 CUkTINuE 
C 
C 	LOPY4IGHT 	 DY IrJL, 1NL. ALL PIbiiTS kESEVEE:. 
C 
C .AtiaRANTY — iMSL nAkANTS H•LY 1411 IMSL TESTING HAS BEEN 
A('PLILU TO Tf-11 	COL/E. NO .)TilE. P. 44ANTY, 




FF -L_C (A,M)1wV,) 
SPLLir1CA11uN3 FU 	AGLIMEN13 
INT6bk, 
JMPLEA 	 A(1) 
C 	 SPr:LIt'IL ,'TIJNS F3 , L3,:AL 
IkTCGt.:k 
Kt AL L
2 	 2.t..LNE.Lc([)ti.I(e),L2(2)1ZA(2) 
COMPLcX 	 ZA:),LAI.4AL,2A3,4K 
L.JJIVALENCE 	 (LA.,,Zu(1)).(Z.L%1,L1(i)),(ZAL'.Z 2 (1)), 
1 	 (LaL,i3(1))/U.sii(1)),(d':;,LJ(2)),(A1pl1(1)), 
(61,21(2)).(A2,(1)),(3z..42.(2)),(A3.(1)); 
3 (63,2:3(4)) 
DATA 	 St.)/.7L.716711::t5',/, 
SK/.3LZo63432.3:,5Cc,/, 
3 	 TAJPI/t.LeltiTYL)/ 
DATA 	 LL'u/C.0/1,0NE/1.:/ 
..=S ,.;*T2/2..)K=SIN(PI/d).CK=C6S(Pi/8) 
TAUPI=L 4 P1 
F1K.)i r,0:CJTA6LE STATEMENT 
MP = M+1 
N = 2 4(411 
IwK(i) 	1 
2 0/2) 4'2 
KN = Nil 
m:=JK 
I=2,MP 
Ir;K(I) = IvN'K(1-1)+iv,Kt1-11 
5 CL;NTINUE 
KAD = TaDPI/N 
MK = M — 4 
Kd = 
28 
IF (MM 	M) 01.; TO 15 
N2 = KN 
K3 = 	K(NU 	+ 
lo Ke . K2 — I 
KC = KO — 1 
if,K2 	A(K2) 
AtK2) = A(KU) 
A(K0) = A(K0) + AK2 
IF (KJ .kA. . K!)) 	iu 
1', CI = ONE 
al . iLNO 
JJ = 
K = MM — 1 
J 	4 
IF (K 'GE. I) CU Tu 3. 
Gu TG 70 
IF (1v0K(J) .GT. JJ) CJ lu 25 
JJ = JJ — Ii4K(J) 
J = J-1 
IF (IAK(J) 061. .JJ) 	FG 25 
JJ - JJ — K(J) 
J = J — 1 
N = K + 2 
GO. TO 20 
4) JJ = IAN(J) r JJ 
J = 
1:■ P = IAK(K) 
If- (JJ .E40 C) Cu IL, 4i.. 
1 , 1GLNLImET ,, IC PAfd.AMETC-S 
= JJ 	ISP 
C1 	CJS(C2) 
31 S1i(C2) 
35 C2 = Cl * CI — SI * SI 
2 = "CA. * (S1 
Li = Le. * Cl — `;;:. 1 Si 
53 = C2 4 S1 + 	Ci 
40 JSP R ISP + KB 
OETLmINf. fIGU ,-.IEK COEFFICIENTS 
IN (., cUPS Lf, 4 
00 50 1=1.ISP 
KO 	JSP 	1 
K1 = KU + ISP 
K2 = K1 + 1SP 
N3 a K2 + ISE 
L.A3 = A(K3) 
LA1 x A(KI) 
= A(K2) 
Las = A(K3) 
IF (S1 4E4. -ZkL) u Tu 
TEMP = Al 
AN al AI 4( Cl 	ol * SI 
	
r 
11 = TEMP * 51 + 61 	Ci 
TEMP . A2 
A2 	A2 * C2 — 62 * SE 
d2 = TEMP 4 S2 + 	* C2 
TEMP = A3 
As = A3 * C3 — b3 4 53 
29 
03 = TEMP * S: 	0:; 4 C3 
ti7 	TEMP = AC + A2 
A4 = Au — 42 
4J = TEMP 
TEMP = Al + 43 
43 = Al — 43 
Al * TEmP 
TLMP = 53 
02 = BO — 32 
eC = TEMP 
TEMP ■ B1 f b3 
03 = dl — 33 
el = TEMP 
A(K<C)) = CMPLA(4 ■„+41,3C+bl) 
a(KI) = CMPLX(4,:. - 41,06—ti1) 
A(K2) = CmPLx(42-33,02+43) 
4(K3) = CMPLA(42433/62-43) 
:uNIINOE 
iF (K .LE. 1) GC 10 55 
N = N — 2 
GO TO 30 
KB . K3 + I3P 
CMEuK FC;. ZLMeLI:116N OF FINAL 
ITE4TAL7) ,Ns 
IF tKN .LE. K3) GO Ti ij 
IF (J .NE. 1) GO TL 00 
K = 3 
J = MK 
C;0 TO 20 
ou J = J — 1 
C2 . C1 
U .NL. 2) G0 IC t5 
CI = CI * CK 	S1 4 SK 
= si 	CK — 02 4 Sc 
GU TO 35 
LI a (Cl — S1) 
S1 = (C2 + Si) 4 .S:/ 
TU 
70 CUNTINUE 
PtreviJiL THE CUMPLEx VECT , 
 t,'E -,4Lr<-3E 0INAY 	TO Nc!, y4L 
LIK.JEr, 
AP(1 	1) 30 10 - -i0,:)!; 
,1P = Mti 
JJ = 
INITIALIZE AU;;(K VECIJ'e; 
1 ,1K(1) n 1 
CJJ 75 	I = 2,MF 
10K(I-1) * 2 
75 CLIN1INJE 
N4 a 1,K(MP-2) 
lr (M .GT. 2) Nc = ImK(NP-3) 
N2 = iwK(MP-1) 
Cl 	NL 
NN = 1hK(MP)+1 
ciP = mP-4 
CLIEONE INUICES AND STITCH 4 
:30 
J = 2 
JK a JJ + N2 
;► 1(2 = A(J) 
A(J) = A(JK) 
AlJK) K AK2 
J = J+I 
iF (JJ .GT. N4) (.,L; 
JJ = JJ + N4 
60 TO 135 
dj JJ = JJ 	N4 
IF (JJ .GT. Nu) CO lu yv 
JJ = JJ + N6 
GU TU 105 
SC JJ = JJ — N6 
K = MP 
c/J. IF (1/.K(K) 	JJ) 	lu 1JJ 
JJ 	JJ 	IwK(K) 
K K — 1 
.:2LJ 	Tf-J 45 
103 JJ 14K(K) + JJ 
1L5 If (JJ 	J) C.JJ 
K = NN J 
JK = NN JJ 
AK2 = A(J) 
A(J) = A(JJ) 
A(JJ) u AKE 
AKA = A(K) 
AtK) = A(JK) 
A(JK) = AK2 
110J=J+ 
IF 	.LE. LM) UO TO 63 
4 .335 ptET.ikN 
LNL) 
CYCL% KLPEAlED UNTIL LIMITIA() 
Of- imi, NCA. 	IS AFtIEVED 
31 
Part II 
Analytical Models of Delamination Growth 
part II 
Analytical Models of Delamination Growth 
Abstract Two new analytical models of one-dimensional delamination -- the 
merged delamination and the stepped-layer delamination -- are proposed. Sin-
gle or multiple delaminations of uniforL, thickr-7s may change into states de-
scriT-!d by the new models in an advanced stage of growth. For each model, 
algebraic equations are obtained whose solutions characterize the buckled 
s—Ite of delamination. A simple expre s sion of the strain energy release 
rate, valid for all one-dimensional models, is derived by the methcd of 
J-integral. Furthermore, a theory of separ3ting the strain energy release 
rate into its mode I and mode II components is developed on the basis of 
the invariance of solutions under similarity transformations. The theore-
tical results are in agreement with the finite element analysis results in 
the literature. 
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1. Introduction  
The principal types of damage caused by foreign object impact c: a com-
posite laminate are delamination, fib, breaking and matrix cracking. It is 
often observed that delamination occurs in one or more interlaminar planes 
near that surface of the laminate which is opposite to the side of impact, 
and at positions directly below the point of impact. This observation sug-
gests that delamination is generated by tensile normal stress waves reflected 
feem. the free eurface. Analytical prediction of the number and size of de-
lmnination or of the location and extent of fiber breaks and matrix crael,:s, 
Gil the basis of various impact parameters and tht geometrical and tiaterial 
properttes of the laminate, is an exceedingly difficult task. Calculation 
of the dynamic normal stress generated by impact requires detailed solutions 
of through-the-thickness stress-wave propagation. in a layered structure. Such 
detailed solutions can be obtained by using the powerful method of integral 
transfore-1 at the expense of ignoring the changes in the geomett -e of the 1Rmi-
nate produced by the initiation and growth of damage. But in reality :'image 
• does occur and occurs continually, creating surfaces of separation that inter-
fere with the phenomena of wave propagation. Furthermore, a tested and accepted 
dynamic fracture criterion appropriate to fast delamination growth in a com-
posite laminate under impulsive stresses of very short duration le not yet 
available. :1 viee7 of these throretical difficulties, the correlation of 
the impact parameters and the geometrical and mater'.01 parameters of the 
teminate with the impact-induced damage relies at the present time more on 
force-fitting the experimental data than ol theoretical or numerical analysis 
dynamic stress and damage growth. 
In the analysis of this report, we assume that the impact -induced damage 
in a laminate is already known -- it is either measured or predicted by an 
-eirical formula. The scope of our analysis is to invcetigate one-dimensional 
buckleine of a thin layer of delamination near the surface of the laminate and 
he energy release rates associated with the growth of delamination when the 
laminate is subsequently subjected to an in-plane compresseive load. The 
results of this enalysis can be used'to infer the residual strength 	an 
ee2act-damneed laminate, hence the analysis has an important functi n in 
7q, :raterizing the impact-damage tolerance of a composite laminate. 
Our exclusive concern with delamination damage is justified by two rea-
sons. First, delamination has been generally cdnsidered as the main energy-
absorption mechanism in loN, velocity impact of laminates [1 3. Delamination 
occurs whenever a sufficiently large amount of impact energy is imparted to 
the laminate to produce significant structural damage. Secondly, when the 
laminate is later subjected to an in-plane compresssive load, a surfeee de-
lamination may buckle and the delamination may grow when the bad produces a suf-
ficiently large stress intensity factor (or, equivalently, strain energy re-
lease rate) at the front of delamination. '1Thns, delination governs the 
residual strength of the laminate because 	may iced to catastrophic fail- 
Ure of the laminate in subsequent loading. 
Altiough foreign object impact generally produces two-.7imensional de-
lamination, the growth of such delamination can only be studied by numerical 
1 e"eds because closed-form analytical solutions of the buckled state and the 
csoci,eted ene - .m release rates are not available. However, understeeding of 
delamina_ion growth can be gained by considering one-dimensional models in 
which the delamination runs through the entire width of the laminate. In 
eh 7odels, delination vow.3 along the perpendicular in-plane direction 
under a compreesive 'woad applieeJ in that direction Throughout this report, 
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the laminate is considered as a homogeneous orehotropic body whose 	:e ortho- _ 
tropic axes are parallel to the coordinate axes of the laminate. 
In part 1 of this report, we introduced two analytical models 	dela- 
mination -- the merged delamination and the stepped-layer delamination--which 
may replace single or multiple delaminations of uniform thickness in their 
later stages of growth. For each model, we obtain algebraic equations whose 
solutions determine the buckling load, the buckled shape and the end forces 
and moments of the delaminated layer. The analysis of this pert gives re-
sults which are required in the subsequent calculation of the strain energy 
release rates. 
In part 2, we show that the path-independent 3-integral provides a simple 
and efficient met71e ,7 for calculating the strain energy release rates of all 
one-dimension a?. taidels of delamination. For a uniforol-theckness delamination, 
the caleulated result reduces to the formula derived by Chai, Babcock and 
Yoauss [2],who used the melho0 of differentiation.' Next, a theory of se-
peratthg the strain energy release rate into ets mode I and mode II components 
is , .oveloped on the basis of the invariance of solutions under similarity 
e . :ansformations (dimensional rescalings). The resulting expression for the 
mode I energy release rate formally belongs to an empirical formula proposed 
by Whitcomb [33 for a laminate with finite bending stiffness, and our ex-
pression for the mode II energy release rate shows the same trend and the 
same relation of magnitude to the mode I energy release rate as indicated 
by the finite-element analysis result of Whitcomb [4]. 
Finally, the use of critical values of the teeal strain energy release 
rate or of the mode T component of the energy release rate as the criteria of 
delamination growth is examined in Part 3 of the report. 
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Part 1: Anrlytical Mc eels of One-dim4 	Delamination 
2. One-dimensional delamination of a surface layer  
2.1 Governing equations 
Consider a laminated plate with its two faces parallel to the x-z plane 
and subjected to a compressive strain e
o 
along the x-direction. Tor simpli-
city we assume that the laminate is made of a homogeneous orthotropic material 
whose three planes of symmetry are parallel to Cie coordinate planes. Then 









=T Xy =T xy 
=T 	= 0. 	 (2.1)yz








If a thin surface layer of un_fo-Al thickness 	and width 	is c" - 
laminated from the main body of the laminate and the delamination runs across 
the entire z-direction (one-dimensional model of delamination, see F~g. 1), 
and if the compressive strain e0 is suf;iciently large to cauc..! the buckling 
of the delaminated layer, then ;:he c_qormation of the layer may be i .vesti-
gated in the following manner. 
I. is assumed that the delamination of the surface layer has negligible 
effects upon the sP, , : ss and the strain in the main body of the laminate, th t 
the stress and strain components in the buchled surface layer are independent 
of the coordinate z and that Eq. (2.2) remains valid. Let denote the lateral 
deflection all P, Q an' m the p-ial compressive force, the sheal'ng force and 
'c bending mom t (per unit wi,.711 "i i the z-direction) of the buckl-A layer. 
"he equatio 	of equlibl.iam for the layer are 
Q 	P v l = 0, 
P = 0, (2.3) 
Q 	0, 
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where the prime indicates differentiation with respect to x. The re .ial strain 
and axial stress in the layer are given by 



















is the bending stiffness per unit width of the buckled layer. In tle7. case 
of small lateral deflection, the mcment-curvature relation may be approximated 
by 
(2.6) 
Substituting (2.6) into Eq. (2.3a), and differentiaing the result, -- ze2 obtains 
II; 	
' (P/K, v 	0. 	 (2.7) 
If the surface layer is composed of two or wore segments with different 
thicknesses (and hence different stiffnesses K), then an equation of t -ile form 
(2.7) holds in each segment. 
2.2 The Chai-Babcock-Knauss thin fii:i model 
Chai, Babcock and Knauss [ 2] audied several one-dimensional models of 
delamination in which the delaminated layer is assumed to have a constant 
thickness. Although they also considered buckled layers that were not neces-
saiily thin compared to the laminate, the results for such cases were not 
qualitatively different from the corresponding results for the delamination 





)•‘: expressed in simple analytical forms. These expressions were presented 
b7 Chai et al. for the simple cast. of isotropic materials. If the material 
11, orthotropic, and if the planes of ol.thotropy are parallel to the coordinate 
planes, then, by going through a similar but mot laborious derivation, it 
is found that the corresponding e::pressions are the -2.111e, except that the 
isotropic moduli E and 1-v
2 
 are replaced by the orthotropic moduli E
1 
and 
1-v 13 v31 : 
of delaminat .1 by comparing the total strain energies of the systc-I before 
and after an infinitesimal growal of the delamination. Applying the same 
method to the orthotropic case, one obtains the result: 
G = 1/2 E ih (1 - v 13 v31 ) (s0 	c cr ) (c 0 	3ecr). 	
(2.10) 
as defined by Eq. (2.9b) is greater= than the given compressive straie 
c 0 
 in the main body of the laminate, then the layer does not buckle and the 
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Chai et al. obtained be energy release rate associated with the growth 








3(1 - "13 v31) 	i/ 
1.11\ 2 
Q = 0 , 
(2.8) 
(2.9) 
If the delaminate'l surface layer is relatively short c thick so that 
On the other hand, if the delamination is sufficiently long, so that G
a 
even by Eq. (2.10) exceeds the critical value for the growth of delami-
lation, then fracture occurs at the t? of delamination and the length of 
the delaminated layer increases. The initial phase of delamination growth 
is accompanied by a rapid increase in the energy releise rate, until the 
latter reaches a peak value. Afterwards G
a 
decreases monetonically ni'd ap- 
proaches the limiting value 
G = 1/2(1 - v
13
v 31 ) E lh e 0
2 
as 9, increases. This latter phrase is accompanied by the decreases of the 
beekliree load P and of the maximum bending moment M in the buckled layer. 
If Ga 
falls below the critical value for the growta of delamination, teen the 
growth may be arrested when the kinetic energy carried by the system (due to 
the accumulated excess of the released energy over the critical fracture energy) 
is completely absorbed by the fracture mechanism. 
.. Coalescence of parallel delaminations  
3.1 Physical considerations 
The analysis of the Chai-Babcock-Knauss thih film model yields the fol-
lcweng conclusion: with a given compressive strain applied to the laminate, 
a one-dimensional surface delamination will Luck's if the thickness-to-length 
ra.Th is so enall that e
cr 
 as defined by Eq. (2.'eb) is less than e
0 
 any, 
furtheeAore, the delamination will grow if the thickness h is sufficiently 
large so that G
a 
as defined 1)37 Eq. (2.10) exceeds the critical value for 
fracture (notice that G
a 
is proporeional to h). Hence a very thin delamina-
ted film will buckle under a relatively small compressive strain but either 
the delamination cannot grow because Ga is small or it grows at first but is 
subsequently arrested as Ga falls below the critical value. On the other 
hand, a relatively thick delaminated layer would not buckle under the given 
7 
compressive strain c o if the initial delamination length £ is not sufficiently 
large. 
However, in the case of impact-induced defects in laminates, it is noe 
uncommon for two or more parallel delamination faces to coexist ei a region-near 
the surface opposite to the location of impact. Each one of the delamieated 
layers is sufficiently thin to buckle under the given compressive strain e 0
. 
And although the energy release rate associated with any single delamination 
may be less than the critical value for fe , eture, two or more delaminated 
layers taken as a whole may generate a sufficiently large energy release rate 
to initiate and sustain the growth of that delamination flaw which is farther- 
ese away from the surface. Thus tie existing delaminations of several eaeal-
!..1 layers may coalesce into the delamination of a single thick layer and 
%is delamination growth e 	continue without 	unta the 1, -einate is 
severely damaged. 
In order to investigate this possible phenomena of delamination growth, 
we study the one-dimensional buckling problem of a merged delamina•o model 
consistlee of two identical layers of length a and thickness h joined with a 
single layer of length b end thickness 2h. In Sc.e 3.2, we formulate the 
equeeions governing the buch'iAg load and the transverse deflection. Although 
-he buckling load is uniquely deteemined by the characteristic equation as 
i - s lowest root, the equation and the end conditions for the transverse de-
feec -e;on determine the shape of deflection but not its magnitude. An unde-
termined multiplication factor is obtained in Sec. 3.3 by considering the axial 
strain of the middle plane of the delaminated layer. Then the shearing forces 
and the bending moments at the two ends of the delamination can be calculated. 
In part 2 of this report, this solu ion is used to obtain the strain energy 
release rates -1ssociated with the growth of a mer , d del,mination. 
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3.2 Governing equations and buCAing load of a merged delamination 
Figure 2 shows two identical parallel layers of thickness h joining with 
a single layer of thickness 2h. If the r,7 - tio of lengths b/a is small, then 
the deflection and the slope at the junction are both small. Hence the two 
identical thin layers on the left hand side are subjected to approximately 
the same boundary conditions. As a first approx 4, ,, -,!: ion, we may assume that 
they deflect independently and in the same ,Lianner, so that the c.1. , flection is 
descril-ead by a single function v: 
v = v(), 	0 s 	s a. 	 (3.1) 
Strictly speaking, this assumption is valid only if b = 0. For b > 0, the 
lower thin layer always carries a larger compresAve load than the upper thin 
layer, tends to show larger lateral deflection, and hence always pushes against 
the upper layer and cannot deflect independently of the upper layer. 
The deflection of the relatively thick layer on the right hand side is 
described by another function 
w = w(1), 	0 	b. 	 (3.2) 
The left and r7;ght ends of the Nholedelaminated strip are designaf•i:' by 
the coordinates = 0 and 1 = 0, respectively, where the deflection functions 
satisfy :_ne Joundary conditions 
, v(f7) = 0, 	vi.(0) = 	w(0) = 0, 	w' (0)= 0. 	 (3 3 ) 
The continuity of the deflection, the slope, the bending moment a.-41 the 
sl.(.aring force at the junction = a(1 	b) requires that 
v(s) = w(b), v` (a) = -w' (b), 
3 is . 	 3 ( - .4) 2 h v ka) (2h) w (b), 
2 h3 vii (a) 	- 	1) 3 will (I 
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Furthermore, the deflection of each segment is governed by a system of 








g 	 dF 
0, 	0s S a 
(3.5) 
d4w 	2 d2w = 0, 	0s 1 b 
MI
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2 x 9 	3 , 
1 	 E h 
1 	 (3.6) 
12(1 - v 13 v 31 ) ,2 
p
2 	 A 





3n l P is the axial load in the right segment and is equal to twice the axial 
load in each thin layer of the left segment. 
Equation (3.5) together with the end conditions (3.3) and the conditions 
(3.4) admit non-trivial solutions if the following characteristic equation 
is satisfied: 
A a 1 - cos x cos y + 5  sin x sin y - 	+ y) (sin x cos y + -2- cos x sin y) 
= 0, 	 (3.7) 
where 
x Xa = 241a, y= pb. 
The characteristic equation (3.7) determines the buckling load P. When the 
lowest buckling load is used to evaluate the parameters p, A = 	x and y, 
we obtain the non-trivial solutions of the buckling problem (3.3) - (3.5) in 
the following form 
10 
where A is a constant to be determined later. The bending moment and shear - 
model. Since y = µb = 0, the characteristic cluaticn (3.7) reduces to 
Simi 3,.arly, the two thin layers on the left r re each subjected to a shearing 
y(11) = Pt-(cos x - cos y)(sin p,71-4) + 	s:n x + sin y - 	+ y)cos 4(1-cosp,11)] 
at the right end are 
This yields the lowest buckling 
ing force at the two ends may be obtained by differentiation. The results 
force 	a bending moment 
at the left end = 0. 
in agreement with the result for a thin film model. 
In the special case b 0, the problem reduces to that of the thin film 
14B = K 2 	(0) = PA 141 sin x + sin y - 	+ y)cos 






(0) + P 	(0) = 37.' (cos 	- cos y) 
(sin 	 ± {1 sin x + sin y - 	+ y)cos y1(1-cos24),%. 
= 	{-I sin x + sin 	(1 + y) cos 57} 	(3.10) 
P _ 







2n) ' 2 
2 - 	= K 	




rcos x - cos  
y(§) = AL 
3.3 Calculation of the ampl'_tude of the buckling solution. 
The factor A occuring in the expressions (3.8), (3.9) and (3.10) is re-
lated to the amplitude of the buckling solution. This factor ca.A 	deter- 
mined by considering the change of the total arc  length of the delamination from 
its initial state to the buckled state. As in the case of Chai-Babcock-Knauss 
thin film model, the length increases because buckling reduces the axial 
compressive loads carried by the delaminated layers. 
When the main body of the laminate is subjected to a compressive strain 
e0' the two ends of the delaminated strip approach each other with a x%lative 
displacement (a + b)e 0 . But since the delaminated st:ip has buckler_ 	iq 
subjected to the buckling load P, its axial straLa e is detel-TalL,1 by 12 
following two equations 
v
31 -P e 	 _ 
x 2hEl 	E 3 
z ' 
U
z 13 / P 





-: _.ire 	. (2.2) has been used. Consequently, 
= -(1 - v 13 v 31 ) 2hE.. --- - v13 v 31 C O . 
The total shortening of the delaminated strip from its undeformed state to 
buckled state is -(a + b) e x . This contraction is smaller than the re-
lative approach of the two ends of the strip, (a + b) e 0 . The difference is 
due to the curvature effect in the buckled state. Thus, 
(a + b)e o f- (a + b)c x} 
b 1 a I 	+ 	tw1 (1)1 2 
0 
12 
2 A 2 	a- 
11 ;' jec (cos x - cos y) 2 (i - cos 2g) 2+ {sin x + 2 sin y 	(x + 2y)cos;} sin -1 
so [ (cos x 	cos y) 2 (1 - cos p1) 2 + gsin x 2sia y 	(x + 2y)coS1 2 sin2p 
E. (3.12). The solution of the buckling problem correspon ing to a merd 
= 	L(cos x - cos y) 2 {3(x + 2y) - 4(sin x + 2 sin y) + 2-- (sin 2x + 2 sin 2y)} 
or 
(1 - v i3v 31) (c o 
ing in the expressions (3.8), (3.o` and (3.10) can be evaluated by m- ,Ins of 
ation will be calculated in 	rt 2 of this report. 
i-3 
':.lamination is complete. 
2 2  
A 2 
+ {sin x + 2 sin y - (x + 2y) co  
+ {sin x + 2 sin - 	+ 2y) cos 4 2 q 
+ (cos x - cos y)sio x + 2 sin y - (x + 2y)cos jsin 1.01(1 - cos 4)14, 
With the lowest bucking lf.,d solved from 	(3.7), the factor A occur- 
+ 2 (cos x - cos y) {sin x + 2 sin y - (x + 2y) cos 4 (1 - 	y) 21. 
The energy 721ease rate associated with the extension of a merged delami- 
-2(cos x - cos y) {sin x + 2 sin y 	(x + 2y)cos ;Isin Z1(1 - ccl 2g)lig 
(cos x - cos y) {sin x + 2 sin y - 	+ 4) cos y (1 - cos x) 2 
) (a + b) • 
2 ( 	sing .  x ) 







4. The stepped-layer model 
4.1 Governing equations 
Law velocity impact on composite laminates may cause delaminat: ,m, fiber 
breaking and matrix cracking. When the lam:nate is later subjected to . 'eatic 
or cyclic compressive loads, an impart- -,enerated delamination may - 31,7 in an 
interlaminar plane until it inter ,lects ..n e:dsting transverse crack in the 
matrix. Subsquently the del. lination growth may cease to contii. c along the 
origiml interlaminar plane, and instead may shift to a neighboring i7terla-
:i 	plane. This is because when the delmination growth shifts to an in- 
ner interlaninar plane, more strain energy nay be released for each unit of 
ncrease in the area of delamination. 
In this section, a one -dimensional stepped - "ayer model (Fig. 3) is pro- 
posed for the analysis of a surface delamination that has shifted from one 
interlaminar plane to an inner plane. As in the previous analysis, the lami-
nate is considered as a homogeneous orthotropic body, with the three ortho-
tropic axes parallel to the coordinate axes. 
The 	segment (length a, thickness h 1 ) el.' the 	segment (length b, 
thickh!:;s h
2) transmit the same axial force P 	levr-th in the z-direc- 
tion. The differential equations governing the transverse dei...ections still 
























'.:Ilereas the end conditions (3.3) remain valid, one of the continuity eedi-
tion at the junction 	= a (1) = b) is changed: 
v(a) = w(b), v / (a) = -w l (b), 











(a) = - 	w
/ii 
 (b). 
The cont. fduitv condition for the bending moment includes a term propor-
tional to (h
2 
- h1 )/2 because the middle planes of the two segments are not 
the same, so that the axial compressive force P produces a discontineity of 
the bending moment ri!.. the junction of the segments. The presence of the 
eccentricity has Cae effect that the stepped layer will deflect laterally 
under any axial compree,sive lord P, no natter how small. As deflection in-





the axial load P also increases but a..:nays remains smaller than 
a limiting value which is determined by the lowest root of the char-cteristic 
equation. This limitin value of P will never b( reached. 
Le t 3/2 11 1 
x = Xa, y = 	5 	= 	. 
2 
(4.3) 
Then the upper limit uf P is the lowest root of the equation 
A-0, 
,172P, (1-cos x cos y) + (1+P2 ) sin x sin y 	(5)41) (sin x cos y+0 cos x sin y). 
(4.4) 
Since the upper limit of P is never attained, G as defined by Eq. (4.4) 
never vanishes regardless of the value of the compressive strain c
0 
 in the 
main body of the laminate, so long as the Euler b--!: - iing theory rema ns valid 
for the stepped layer. 
Equation (3,5) together with the end conditions (3.3) and the continuity 
conditions (4.2) possess the following solutions 
v() = C1 (sin ?■ 	 - C 2 (1 - :ashy), 0 	g a, 
(4.5) 
w(n) = D1 (sin 	- pl) - p 9 (1 - cospl), 0 s 	s b, 






depend on the Exial loa 	ccordin; 
to he following expressions 
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	 D2 = 	+ y) sin x + 0(cos x - cos y - 1) - sinx siny + 5 cos x cos h
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- h1 












'.2 Deter lination of the axial load P 
The axial load P is always smaller than the lowest root of the charac-
teristic equation A = 0. The value of P depends on the compressive strain 
c 0 . It can be determined by considering the change of the total arc length 
of the layer from its initial state to the deformed state. The method is 
identical to that of Section 3.3. However, whereas in the previous case of 
a merged delamination the axial load is simly the lowest root of the charac-
teristic equation and the method of Section 3.3 determines the amplitude of 
dr!Lection, In the present case of a sterTed delamination the amplitude is 
a known function of the unknown axial load, and it is this unknown axiay 
load that is to be solved by the method of Section 3.3. 
The relation between P and e 0 
 is given by the equality 
(1-v
13
v31){6 0 (a + b) 	( + 417)1 
2 	, 
= fa {v 1 (n} cit 	tw' 0)1 2 'Xi 2 0 	 2.1 0 
2 




c 2. 	(x 	sin 
2 
 2:cC2 + (1 - cos x) 2 C
1
C 2.1 2i.A2 J 2 
2 
LT, - 2 sin y + sf "121)D2 ' (y sin 2y D 2 , 
2 ) 	
-1- (1 - cos y)
2 
DiD2], 
2. 2 	 4 	1 
(4.7) 
where X, p, 0, x, y, C l , C.., s l and D2 ar. -fined in terms of the axial load 
P and the 	,...netri• 1 and may. riel constants by Eqs. (4.1), (4.3) and (4.6). 
We note that Eq. (4.7) yield an (, licit expression for c o in terms of P and 
t:e geometrical and material constants. However, if c 0 is specified, the 
determination of the axial load P involves numerical solution of a complicated 
algebraic e.lation. 
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When the axial load P is solved from Eq. (4.7) end the coeffic ients C1, 
C2 , D
1 
 and D2 are evaluated by means of the expressions (4.6), Eq. (4.5) de-
livers the lateral deflection of the stepped layer. The reaction forces and 
moments at the end supports can be easily obtained. We have, 
MA  -PC„ QA A 
= Apc
I 









Part 2: Calculation of the Strain Energy Release Rate and Its Mode I ad Mode 	‘. 
LI Components 
5. The method of differentiation and the method of J-integral 
In this part of the report, the strain energy release rates associated 
with the growth of delamination are calculatee for the va -Aous types of enn-
lytical models introduced in Part I. For the thin film model, Chai et al. 
obtained the strain energy release rate by differentiating the total strain 
energy of the system with respect to the length of delamination. Equation 
(2.10) of this report gives the result for an orthotropic laminate. The 
formula is only approximate because the underlying theory assumes no ro-
tation of the two ends of the delaminated layer and because it ignores the 
bending deformation of the main body of the laminate. 
The method of differentiation may be applied to the merged-delamination 
rodel anl the stepped-layer model. However, when tLe delamination grows in 
these models under a given compressive strain e 0 in the laminate, the axial 
load P carried by the delaminated layer is a complicated function of the 
length b. This functional ':elation is defined implicitly by the characteristic 
equation (in the case of the mergcd-delamination model) or by the relatio be-
tween the deform: and undeformed arc lengths of the delaminatej layer (in 
e case of the stepped-layer model). Thus, when differentiating the total 
strain energy of the system with respect Lo 01..2 length b, the method of im-
Jicit differentiation must be used. Fo': the total strain energy depends on 
b as well as on P and the latter is an in : licit function of b. Although this 
method does yield closed-form analytical expressions of the strain energy re-
lease rates_ these expressions are very complicated. On th: other hand, the 
method works well we La it is implemented with computer programs to evaluate 
the strain energy release rate at each stage of delamination growth. The re-
sults of computation show that, with appropriate combinations of the existing 
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delamination geometry and laminate loading, coalescence of multiple elami-
nations or bifurcation from constant-thickness delamination to ste,liLd-layer 
delamination does generate a larger strain energy release rate (Fig. 4). 
Therefore, these results confirm the possibility of new modes of d.o 
growth which otherwise would have been arrested. 
A simpler and more efficient method to ol..tain analytic expression 
the energy release rates associated with deL..aination growth is the evalua-
tion of a path-independent integral (the J-integra method). This task is 
r-complished in the following se:tion. We obta'n a simple expression of the 
'train energy release rate (Eq. (6.13)) in terms of the bending moment at the 
a.oving end of the delamination and the difference between the laminate strain 
c rnd the axial strain of the delaminated layer (averaged over a cross-sec-
_'on close to the movng end). For the Chai-Babcock-Knauss thin film model, 
This expressiol... reduces to E. (2.10). Consequently, once the buckling pro-
blem associated with a merged delamination or a stel:p„e7.-layer mc el has been 
r.Aved folloving the method of Sections 3 and 4, the strain energy release 
rate can be immediately obtained. 
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6. Calculation of the energy release rate by  the method of J-integral  
In order to calculate the strain energy release rates associated with 
the various types of one-dimensional delaminntion models by the method 
3-integral, we consider the free body shown in F ry. 5. This free bo:y is 
obtained by removing the delaminated layer from 	main body of the _IA- 
n.-,te. The figure also shows the actual loading on the free body. In Fig. 
6, we stow two component loading systems whose combination is equivalent to 
the actual loading of Fig. 5. Notice that the flr-field compressive stress 
E
1 c 0 
 is present only in Fig. 6a but not in Fig. 6b. 
. (0) Let a 	and a id denote the stress fields in the free body associated 
with the component loading systems of FTg. 6a and Fig. 6b, respectively. Then 
(0) 
is a constant stress field: 
ax
(0) 	 (0) 	(0) 
= -E e 	 T 	= 0. 	 (6.1) 1 0' y xy 
•7uations (2.2) nd (6.1) imply the following expressions for the actual 






= -E1 c 0 + ax , 	y = a , 	=. 
	
Y xY 
 ?xy (6.2) 
Using the stress-strain relaAon of an orthotropic material, we obtain 
E3 . 	E3 
a = v -- ax 
 v 	-- a 
z 	13 E 	23 E2 y 
1 - v 
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v13 v12 . 
c =




The path-independent integral 
u 
J j dJ j U dyn 	ds, 
ij j a x (6.4) 
y be ev'luateJ along any counter-clockwise contour which circlry tound 
'le moving end of the delamination. The parti.culaI ccntour we shall use is 
shown in Fig. 7. This contour starts from a boundary point A of the maLL 
bc,iy of the laminate near the moving end of the delamination and go --: 
do7lward to the bottom of the laminate. The upward vertical pz.h C 
is assumed to be at a large distance away from the delamination so 11.: 1- the 
stress field on CE is described by Eq. (6.1). 
In the integral (6.4), s denotes the arc length along the contour an(' 
is the outward normal vector. Along the horizontal paths BC and EF, dJ 
:ishes because dy = 0 and c..
13
n. = 0. 	Along the vertical path AB, we have 
dj = 1{cc -cc -cc -1- T 	 - 
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Along the vertical path CE, dJ reduces 	1/2 
E1eo
2 
ds. This result together 
with (6.5) and (6.6) yid(' 
dJ = 	0; 	r dJ 
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ay  ds 
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' f 	6v - --'ds. xy 	x 	ay./ A (u.7) 
The equilibrium of the free body enclosed by th_ contour r requires that 
B 
ax ds jE l c o ds + P = 0, 
or 
B 	 E 


















where 	is thicknec ,,  of the laminate and 
H + h
2  NAB - (77 e
0 
h
2 P 	2 -  Ni 
+ Q(a + b)/2 
23 
is the bending moment in the cross-section AB. Substituting (6.8) and (6.9) 
into (6.7), we find that the second term on the right hand side of Eq. (6.7) 
is of the o: h 2
/H compared to the first term. The third and fourth terms 
are expected to be not greater than the second terms, according to the clas- 
c -al be theory. Consequently, by neglecting terms of order (E e
0
2
h2 ) h2/H 
in the strain energy release ra,:e, we oLtain the following approximation 
Let 1 denote the vertical coordinate from the middle plane of the layer. Then, 
on th2 	FG 
section of the delaminated layer close to the moving end of the delapnation). 
It remains to calculate the integral 	dJ along the path FG (a c.:oss- 
x = 
	
a = 0, a 	v( 	e + 	, 
ax 	' 	Y 	C 13 
These expressions yield the following result: 
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11( ■wever, the equilibrium of the delamiv ted layer requires that 
(a + b)Q -4- Ms 	M
A 
= O. 
l'aerefore, on the right hand side of Eq. (6.12) the term involving Q2 is of 
r 	 12 	 2 the order th 2/(a + b)f compared to the term involving M . The smaller term , 
should be ignored since we have alreaJy neglec• -ed terms of order (E o2hz.,)h 4,/H 
in the approximate result (6.10). Thus Eq. (6.12) yields the strain energy 
• release rate 
v -  
(LT 	
1 	v 
C O 112 - 	+ 12 	 
'1 2 	
2 (6.13) 
the methods of Sectiorn, 3 and 4. 
and (2.9) yield 
MB 	
2 	, 4 
P=hEl e cr
, (A) (111.■ = 1_E 2 te 	e 	e 
3 1 	0 cr 
This result is applicable to all types of one-dimensional de1:7Tuination 
models considered in Part 1 of this report. The buckling load P d the bend- 
ing moment 14,, at the movin; end cr: the ielaml.ation should ie solved according 




S 1, stituting these results into Eq. (6.13), we obtain the same expression 
(2.1') which w771 derived earlier L the method of differentiation. 
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7, Separation into the mode I and mode II comeoaents -- a discussion of  
Whitcomb's approximate theory 
The critical value of the strain energy release rate associated with the 	. 
initiation or continuation of fracture at the tip of an existing delamination 
generally depends on the relative significance of the symmetric and anti-
symmetric modes of fracture. Therefore, in order to obtain a measure of 
the residual strength of a laminate containing an existing surface delamina-
tion, it is iteportant to separate the strain energy release rate into its 
mede I and mode II components. 
Partition of the strain energy release rate was not considered ay Chai 
et al. in their annlysis of one-dimensional elode/s of delamination 
However, in the case of a graphite/epoxy layer of small and uniform tl:'_ckuena 
bonded to a relatively thick alurinum „ ,late, where the bonding contain- an 
n -etificially Tatroduced discontinuity strip of width 	Whitcomb [ 4 3 has 
calculated the mode I and mo r e. II energy release rates corresponding to vari-
ous combinations of delamination thickneas, length, and axial compression. 
His calculation was based on firTte-element computation of the crack clo-
sure integral, and non-linear strain-displacement relations were used in the 
ez:felling of the buckled :,ayer. 
In a subsequent report [3], Whitcomb developed an approximate analysis 
to obtain analytical expressions of the mode I and mode II energy release 
rates. The expressian: involved twondeterminee constant coefficients which 
could be evaluated by a small number of finite-element computations. 
The reasoning in Whitcomb's approximate theory was guided by the well-
7e:own formula for the energy release rate of a double-cantilever beam. In 
analogy with that situation, Whitcoalb assumed that the mode I energy release 
27 
rr,te of delamination is given by an expression of the form 
2 
G 	C -- 
I 2 K ' 
(7.1) 
sere K is the bending stiffness per unit width of the delaminated layer, 
C2 
 is an undetermined coefficient, and M is the algebraic sum of the bend-
in moment MB at the moving end of the oelamination, wLL::11 tends to open 
the crack, and a "restoring moment" M due to the diference between the 
axial forces in the eelam'naced and the bonde' SC , .ants of the thin film, 
tends to close the 
M = 	1- Mc - MB 	Ci 2 (E e h - 
	
r7r'dstitution of Eq. (7.2) into ( 	) yiel2s the e:1 , ression 
C2 f 
= - - -m 	-1-1(E e h C






are und%.:,rmned coefficients. 
In White tb's apprc - imate theory, the expression (7.1) for the mode I 
-Aergy reHase rat-1 in terms of an effective peeling moment /4 is an a priori  
assumption radar „man a derived result from more general principles. Although 
this expression is suggested by the known result for a double cantilever beam, 
there renains the questic -,1 as to whether a close analogy can be truly esta-
blished (by introducing an eTfective restoring moment) between the phenomena 
of delami-ation grow, ► involving 111,le II behavior ar' the fracture of a sym-
metric double cantilever in which the mode II behavior is entirely absent. 
Hence the intuitively appealing assumption behind Eqs. (7.1) and (7.3) re-
ouires further justification on theoretical grounds, and such a justification 
is given in the following section of this report. A similar question arises 
28 
wh-n Eq. (7.1) or (7.3) is used in conjunctig)r , with Eq. (6.13) to obtain an 
expression for C
11
= C - G. Although an analytical expression f,4- G
II 
was 
not attempted in Whitcomb's work, it will be given subsequently in this report. 
Within Whitcomb's approximate theory, the ultimate justification of the 
assumption unc-trlying Eq. (7.1) is the success and effectiveness of that equa-
tion in generating results which agree well with the results of established 
and more refined methods. Whitcomb found that g':,)d agreement coul be ob-
t.1/2ed with the results of finite-•ement analysis if the delaminated layer 
was sufficiently thin, that the coefficients C1 
and C
2 
were independent of 
del - nination length 'nd lamirite loading, and finally that C 1 was also 
rr. apendeLt of the thienea., of delamination. 	these attributes of 
t e coefficients were empirical conclusions inductively drawn from the re- 
sults of extensive computation, rather than theoretical conclusions deduced 
1:om general -rinciplc:. Hence, if the validity of rq. (7.3) is to be ex-
t( ' ,led to more general cr3es such -e the merged-delaminc_ion model and the 
stepped-layer model, more extensive and elaborate finite element analysis 
would be required to confirm the p.:cdi:tion. However, this task can be 




can be derived on the 
bas 4 s of certain invariance relations under dimensional re. ialing, as will 
oe shown in the next section. 
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8. Partition of th- energy release rate - a theme,--j based on dimensional analysis  
1.1 The stress intensity facorts 
In the present section, we use dimensional analysis to study the func-
tiona l forms 	the mole I and wode II stress intensity factors associated 
with a buckled delamination. The functional forms of the mode I and mode II 
energy release rates are then obtained by using the well-known relations be-
toen these quantities and the corresponding stress intensity factors, and 
furthermore by using Eq. (6.13) which represents the combined energy release 
rate. This theory rl partitioning the energy release rate is based on the 
invariance of the stress field near tie crack tip under similarity . ansfor-
mations and it is applicable to all one-dimensional models of delamination 
including the merged-lamination model ..id the stepped-layer model. As in 
the previous analysis, the ratio of the thicln2ss of the layer to that of 
the laminate, h/H, is assuued to be simall, so that terms of order E c
0 ah(h/H) 
and higher are neglegible in the eypres•'ons of the strain energy release rates. 
Our analysis yi•lds an expression for the mod 	ent_cgy release rate which 
is formally identical to Eq. (7.3). It is shown that both coefficients C1 
 
cnd C9 are independent of the loading on the laminate and of the geometry of 
delamination, and fu .:.:thermore that one coefficient determines the other (the 
relatir -k between C1 
 and C
2 
depends on the elastic moduli of the orthotropic 
material). Thus for the case of constant-thickness delamination, our theory 
yields a formula for CI which is more special than Whitcomb's approximate 
t. -ory. This is becw 	oJr theory ignores the bending deformation of the 
main body of the laminate, in agreement with the assumption of the thin - film 
model. 
Whitcomb's approximate theory did not propose a formula for the mode II 
energy /e3 Ise rate, although for the thin film model E. .ch a formula could he 
30 
obtained by subtracting ,11,2 mode I energy release rate from Eq. (2.10). On 
he other hand, the formula for C
II 
derived in the following analysis, when 
, pplied to the film model, does a,±,ree with the trends and behavior observed 
by Whitcomb on the basis of the results of finite element analysis. In gene-
ral, the value of G
II 
is much larger than that of G during the growth of de-
lamination. 




contain a single undetermined parameter which 
depends only on the elastic eloduli of the material and does not depend on the 
thickness or the length of the delamin"ted layer no... on the axial loading in 
larthate. This undetermined i:arameter ma./ be evaluated by executing a 
finite-element calculction or by rforming an experiment. 
In Fig. 8, we show the force f, ..;d moment sysL,m which produces the stress 
concentration at -.1e ttp of the delamination. This system includes a. clock-
wise moment M, a leftward horizontal force E l c o h - P, and a vertical shear-
Inc; h is small comps:, to the horizontal force. 




h - P (see 
Fig. 9a). This force produces a normal stress a = a and a shearing st_..:ss 
= T 
xy 	
b-) ahead of the crack tip. Within a neighrhood of the tip, these 
stresses are asympotically proportional to rt where r is the distance from 
the crack tip. Since the material is linear, the stresses are also proportional 
to the :.)rizontal 5, - rce E
l 
c
Oh - P. 
Hence 
f(111 
a(r; h) 	(E1 s o - P), (8.1) 
Where 	pro ortionally factor f depends on the layer thickness h as well 
as on the elastic moduli. A similar formula holds for the shearing stress T. 
We 	cerAder a delamir- -.ion of thickness uh in a laminate of the same 
31 
material subjected to a le - i -ward horizontal force a(E c o h - P), as shown in 
Fij. 9b. The 	stress for this case is given by 
f(ah) 	e o(r; ah) 	1/2 u `E l 0 h - P).  
Now the latter cP3e is related to the former case by a change of the length 
scale if the thickness of 	laminate is much larger than that of the layer; 
the boundary tractions and Cle boundary str,, ns in the two cases .rye the scale 
(stress ax 
= -P/h from the _elaminated lays and strain s
x = -e0  in the remote 
region of the lamtnat-). 	 , 'he stre.s fields a(.; 	and a(. ; 
must also be ..-lated by mere'y a 	mge of the length scale: 
a(r ; h) = a(cer; ah). 	 (8.2) 
From the last three equations we obtain 




f(ah) = f(h)  
a1/2 	' 
Assuming f is a differentiab function of its argument, we obtain by differen-
tiating the la::': equation with respect to a: 
h f l (ah) = - -L11) 
2a - 










 depends only on the elastic moduli of the material. Equation (8.1) 
-  
now reduces to 
f0 
a(r; h) - ---T(E1 c o h - P). 
(hr) -2 
A similar expression 'olds for the shearing stress T: 
T(r; h) = 0 h 
	P), 
(hr) 
where the factor fl Llso depends on the material moduli only. 
The applied moment M also produces stress concentration ahead of the 
by 
Following a line of reasoning similar to that leading to the expression (8.3), 
we obtain 
	. Let the .car-field noruil stress due to the moment M be represented 
changed from h to oh E- '7. the appl 4 t_l moment is changed from M to ci 2M. Here 
the fc%-f!'ald train of the lemJTIate is taken to be zero in the orif„aal and 
in the resealed problem. Th: relation (8.2) now yields 
form (8.3) and (8.4), except that E ic oh P is reidaced by Q. Combining the 
effects of the moment M and of ti .:2 horizontal and vertical forces, we obtain 
the mode A mode II stress intensity factors 
en, a resealed probi-m is oh wined if the thickness of the delamination is 
g(1). m = Blaq ce2m. 
a(r; h) -- 
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II 
= bl 	 + b2 	3/9
11
h 3 iy 
where the coefficients a_ 7i ,d b
i 
 (i = 1, 2, 3) depend only on the elastic 
oduli of the matel but not on the thickness of the delamination nor on 
the loading. 
3.2 27.e. energy r"_ease rates 
In ;:he case of an orthotropic material, the mode I a-d mode II energy 
release -ates are related to the corresponding stress intensity factors ac-
corcing to [ 5] 	 2 
	
2 
where -y and 8 are dimensionles conste7 , t given by 
1 	 1 
E
1 	
2 E1\ 4 (y2 4. 
N) 12) 2G12 Y = \.—E 2) 	8 	112- 
Substituting (8.6) into (8.7), we have 
E1h 










P) + b -+ b 3 
 Q} 2 . 
6  
Taking the sum of the last two expressions, and comparing with Eq. (6.13), 
we obtain the following 
1 - 
26  v
i3v 3 , r i 
1 
h 	 ;h e} ± 12 ( 1--),_ 
34 
We recall that Eq. (6.13) is an approxin -te result obtained by neglecting 
-4. (8.10) is an identity. Setting E 1 C o h P = 0, M = 0 and Q 0 in 
endently of one another, and not necessarily those particular combinations 
applied forces and -men t could in principle assum_ arbitrary values inde- 
representing the bimndary valu-s of the delaminated layer. Likewise, Eq. 
The present result of E :. (8.11) is .ther - fore also valid to the same order 
of approximation. 
where w is an undetermined luanti'-y and 
terms involving Q which are known to be small compared to the retained terms. 
(8.10), we obtain 
(8.9) is valid for arbitrary combinations of forces and moments. Hence 
+ 2(y 2a1 a 2 + 	b 2) 	c o h 	+ 2(y 2a 2 a3 + b 2 
= {0(11 1 ) 2 + 	(E 
+ 2(y 2 al a3 + b1 1)3) (H1 
 c o h P)Q. 
We recall that in deriving Eq. (6.13) by the J-integral met . .od, the 
_urther study of the identity (8.10) yields 
yal = 	sin co, ,(;) 2 = 	12 n cos w,
b
1 
= yt COS CU 
(H 1 J 
( ya 2 b 2}(10.2 









 = b3 = 0. 	 (8.11) 
= 12x sin w, 
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Equation (8..7;) now reduces to 
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8.3 Cozparison with Whitcc,iEb's finite-element solutions 
The exprL.:Aon (8.14a) for the mode I energy release rate is of the form 
of Eq. (7.3). The coefficients C 1 and C2 are given by: 
C 1 = 









=  	cor w. 
By eliminating the L determned quantity w from these expressions, we find 




 are directly related; 
w = tan
-1 
 (TIC 	 ( ) = cos -1 	
2C2 
- v -v ) 
`_pie undetermined quantity w depends only on the elastic moduli of t 7 2 material. 
It can be evzluated by executing a finite element analysis or by performing 
an experiment. The experimental method is described in the subsequent section. 
w is expected .o be a positive qr“ntity because if the moment M vanishes, the 




h P should produce a negative stress inten-
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than Eq. (8.15) becomes 




given by Eq. (8.14) are valid for any one-
dimensional mod -:.1J. of delamination, including the merged-delamination model 
and the stepped-layer model. Wh.s, these expressions are applied to the Chai-
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(2.9) 
If we introduce a non-dimensionalized length of delamination 
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(8.16) 
1) (2 tan w 	2 2 - 1) 2 . 
For a given compressive strain c o in the laminate, C u is positive whenever 
A 	 A 	  
A > 1 whereas G
I 
:t first increases and then decreases to zero when A=41 + 4 ctn 
A 
The maximum value of G
I 
is attained when A equals 
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 falls oil slowly. 
The results of th-. present analysis is based on the assumption of a homo-
c--neous orthotr laminate. Whi,_comb has evaluated the coefficients C 1 and 
2 of E.. (7.3) by fitting tie formula with the results of finite-element ana- 
lysis of graphite•epoxy layers bonded to an L.umiP ,'m plate. His vague for 
first coefficient, C, = 00504, corresp.:xds to 
w = tan
-1 
 (j C1) = 41.10 . 
If we ignore the effect of nun-homogeneity due to the presence of the aluminum 
plate, and subs ttute w = 41.1 ° and the elastic moduli of graphite-epoxy into 
T'4. (8.14a), we obtain 
C 2 = (1 - v 1231) cas t w = (1 - 0.21 x 0.021) cos 2 41.1° = 0.565; 
According to Whitcomb, comparison with the results of finite element analysis 
yields the values 0.330, 0.412 and 0.478, respectively, corresponding to the 
`.1lickness of delamination 0.762 mm, 0.503 um and 0.254 mm. Since our theory 
is based on the assumption of an infinitesimally small ratio of the thickness 
d , lamination to that of the laminate, and sir=e it does not take into ac-
count diUerent elastic moduli of the aluminum plate, the predicted value 
C 2 
= 0.565 may be considered as satisfactory in the limit of vanishing thick-
- ss of delamination. 
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For w = 41.10 , the relative magnitudes of G 11 versus G
I 
for a thin-film 	,.. 
delamination as given by Eq. (8.16) are plotted in Fig. 10. Both curves have 
the features shown by the results of Whitcomb's finite element analysis (see 
Fig. 15 of Witcomb's earlier paper [ 4 •]). In particular, GI , is numerically 
much larger tilan G
I 
and, as delaination progresses under a constant load on 
the laminate, G
I 
first increases rapidly ti a maximum value and thereafter 
decreases to zero. 
8.4 Experntal determination of the material constant w. 
The undetermined quantity w is a material constant and therefore it can 
be ev.A.uated experimentally. Let a laminate with a thin delaminated layer be 
subjected to a compressive strain 	 as  shown in Fig. 11. The delaminated 
',-ortiol' of the thin layer is not subjected to an axial force (i.e., P = 0) 
1377 -.: is subjected to an applied pure bending moment M. The moment M is adjusted 
until the normal stress a aheA of the crack tip vanishes. According to Eq. 
(8.13a), this mometTt satisfia the equation 
12 ICI 
tan w - -----2 . 	 (8.17) • 
E le 0h 
if K. vanishes ahead of the crack, then the near-field stress is purely 
of the mode IT type. The horizontal line ahen1 of the crack is a line of shear-
ing stress, i.e., a 45 0 isocline. When this state is achieved by adjusting 
appli , moment M, the vaterial constant w can be calculated from Eq. (8.17). 
The 45° isocl ine 	be observed with a reflection pllarir'lope 1.y apply- 
ing photo-elastic coating to the exposed section of the specimen. However 
transparent lateral restraints should be provided to ensure that the assump- 
on of Eq. (2.2) is satisfied in an approximate sense. 
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Part 3. Energy Release Rates as the Criteria of Belamination Growti 
J. Criteria based on the total energy release rate 
The simplest criterion of delamination growth is based on the value of 
e se-ain energy release rat: without discriminating its componen':s associated 
with mode I and mode II behavior. Under a static loading, this criterion as-
serts that the grceth of delamination or its arrest deeends on whether G, 
e sum of G and G
II' 
is greater or less than a criti el value. Under a 
nstant-range cyclic loadies, the rTte of delamination growth is assumed to 
be a function of the range aee the peak of G. The work of Chal, Babcock and 
Knauss oe one-dimensional models of delamination and its extension to two-
dimensional models [6] were essentially based on the criterion ef a critical 
energy release rate in static loading. Furthermore, they assumed that the 
growth of a two-dimensional elliptical delamination progresses in such a manner 
as to maxim ze the energy reit:. se rate at eac, stage of growth. 
In the preset section, we -4W that if delamination growth follows a 
pattern that maximizes e e total energy release rate at each stage of growth, 
then, with appropriate geometry of the delamination and sufficient strain in 
the laminate, a delamination of uniform thickness will change into a stepped 
delamination and parallel multiple deleeinations will merged into the delami-
nation of a single thick layer, as described in Secs. 3 and 4 of this report. 
The energy release rate of a thin-film delamination with a uniform thick-
ness h is, according to Eq. (6.13) 
G = 1 - \)13.93 	1 c 0 









Where P and M maybe obtained com Eqs. (2.8) and (2.9) 
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P =Elle cr  =E1h 	
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If the uniform-thickness delaminatio- changes to a stepped delamination with 
h
1 
= h and h 2 = 2h, then immediately after the change the force P remains the 
same ,l ►ereas h and M are replaced by 2h and M + Ph/2, respectively. Hence 
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sudden change in the energy release rate is 
- G = 
1 - v 13.) 
2 f(e 	
7 	2 	5 	2 	3 	3/2 / 	 p 
0 - e c cr e cr 	V 60 - - en) 
Since thls quantity is always posiive regardless of the delamination length 
2, the simple criterion of a critical energy release rate implies that 
a shift from uniform-thickness delamination to a stepped delamination will occur 
whenever such an opportunity arises due to the existence of a transverse 
matrix crack. 
Similarly, consider two parallel uniform-thickness delaminations of 
thickness h and length L. The energy release rate associated with each de-
lamination is given by Eq. (9.1). If the delaminations merge into a single 
layer of thickness 2h, the energy release rate of the merged delamination 
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The su7den iilzrease in the enrgy release rate is given by




)E l h (c o - 
e cr ) (e 0 	3c cr ) 
41 
- cr 	3(1 - v 13v 31 
the increase G'' 	C is positive if the delamination length and axial strain 
CO are sufficienti; large so that 
t 	
0 	





10. Cri .:eria based an the mode IT energy release rate 
Whitcomb has performed a r-t er limited nul:acr of experiments to inves- 
!- Tgate the growth rate of delamination under cyclic loading [4]. It is 
.laservP that the growth rate decreases as delamination progresses, in close 
,7orrelation with 	e fitange of C I , and in spite of the much larger magnitude 
and the continued increase of C Ir He therefore suggested that "delamination 
growth is dominated by G I , even though C11  may be numerically much larger". 
In this section, we calculate the sudden changes in G I that accompany 
the transition from a unifom-thickness delamination to a stepped del,A1- 
nation or from parallel delaminations to merged delamination. It is found 
that the jump in C
I 
accompanying the latter case is always negative whenever 
the mode I stress intensity factor K 1 at the stage of transition is positive. 
Therefore, ".f a growth criterion involving G I alone is valid, then a tran-
sition from parallel delaminations to merged delamination can never occur. 
The jump in C I accompanying the transition to a stepped delamination is more 
complicated and may assume either a positive or a ne;ative value. Hence a 
growth criterion inl plying G aloh, implies that as delamination shifts from 
one interlaminar plane to am-L.11er plane, it may zither shift inward or outward, 
i.e., h 2 may either be greater or smaller than hl . This conclusion suggests 
an experimental method to de-ermine whether a delamination growth criterion 
42 
Since 
based on G is more realistic than a criterion based on G I . Let a del -nine-
tion be introduced near the surface of a laminate and let it branch off into 
two very short delaminations, one closer and the ott-r farther away from the 
b. ,_7ndary than the main branch of the delamination. The geometrical parameters 
may be so s :l€.:ted that w?- en the specimen is subjected to a sufficien.ly large 
axial loading, the two growth criteria would yield different conclusions as 
to whether the dermination growth shifts to the inner branch or the outer 
',ranch. The observer phenomena could be used to reject one criterion and 
par_ially sup?o,- t the other criterion. 
The mode I energy release rate of a uniform-thickness delamination is 
given by Eq. (8.1 1 ). When two parallel delaminat-1 layers merge and de- 
lamination growth continues along the lower plEle, the mode I energy release 
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is neg-tive in the range of the delamination length corresponding to positive 
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1 + 4 ctn
2 w. 
Hence, the occurrence of a merged delamination is impossible according to a 




In a transition from a delamination of uniform thickness h to a stepp:A 
eA.amination of new ILickness h 2, the mode I energy release rate changes ab-
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and this may be -.:ther positive or negative depending on the particular com-
. 
binat..on of the values of w, r and Z. 
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Wave Propagation Due to Impact in Laminated Composite Plates 
R. K. Kunz 
1. 	Introduction  
During the past year, efforts have been focused on 
the development and implementation of Fortran computer code for 
the purpose of determining the dynamic interlaminar stresses 
in a laminated composite plate subject to central normal impact 
loading on a free surface. This study is motivated by the convic-
tion that impact-induced delamination is initiated as a result 
of the stresses which act on interlaminar surfaces exceeding a 
critical value. Hence, a study of the three -dimensional propaga-
tion of stress waves in the vicinity of the impact loading zone 
will potentially yield valuable information as to the nature of, 
and the parameters affecting, the delamination phenomenon. By 
making the analysis sufficiently general, dynamic interlaminar 
stresses may be calculated for arbitrary geometrical and material 
parameters, and for arbitrary layer stacking sequences. As a 
result, the effects of these parameters on interlaminar stress 
levels, and therefore on the initiation of delamination, may be 
studied. 
Results previously reported for the case of a composite 
plate subject to line impact loading, and the ensuing two-dimen-
sional propagation of stress waves, have served to verify the ana-
lytical and numerical models employed in this work, and to suggest 
some preliminary conclusions as to the mechanisms involved in the 
onset of delamination. These results are summarized in £.J. How- 
1. 
ever, due to the nature of the two-dimensional analysis, only cer-
tain stacking sequences may be employed, and some fundamental 
questions remain unanswered. The present work is aimed toward 
the more general and realistic case of central impact loading 
and the resulting three-dimensional wave propagation. Therefore, 
the limitations inherent in the two--dimensional analysis have 
been removed, and it is expected that the results obtained will 
yield additional information on the critical parameters affecting 
the generation of impact-induced delaminations. 
2. Problem Formulation and Numerical Solution Procedure 
The geometry of the problem under consideration is shown 
in Figure 1. The plate consists of N orthotropic layers, each 
with its principal orthotropic axes at an arbitrary orientation 
in the x i -x3 plane. There are M = N + 1 interlaminar planes, with 
m = 0 corresponding to the impact, surface, and m = N corresponding 
to the bottom free surface. A general layer n is bounded by inter-
faces m = n - 1 and m = n. 
The analysis leading up to the numerical calculations has 
been developed in detail in previous reports C1,27, and will be 
summarized here for the sake of completeness: 
1) A set of six approximate equations of motion for layer 
n are obtained. These are cast in the form of differential 
equations in terms of the interlaminar stresses and displacements 
on the bounding surfaces m = n - 1 and m = n. Hence, the unknowns 
are the three displacement components u i , 	u3 and the three 
stress components tea , ri2. „ Ilq3 on each of the two surfaces. Each 
of the unknowns is a function of x i , x3 , and t. 
2 
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ii) This set of differential equations is transformed 
using the Laplace transformation in time, and the Fourier trans-
formation in both the x i and x3 directions. The result is a 
set of six linear algebraic equations corresponding to layer n 
for the transformed interlaminar stresses and displacements on 
surfaces m = n 	1 and m = n, The transformed unknowns are re- 
lated to the physical stresses and displacements through trans-
formations of the form 
U (k i ,k:3, s) 
, r ODI M 
	
j j 	u (x l , x3 , t ) ex p E-st + 
o -oo -co 
+ 	x3 ) 7dx r  d d t 
where k i , k3 , s are the transform variables. It should be noted 
that during the process of transforming the equations, boundary 
conditions at x, and x 3 = J.- ex) (stresses and displacements vanish) 
and initial conditions at t = 0 (stresses, displacements, and vel-
ocities zero) are explicitly satisfied. 
iii) The sets of equations for all N layers are assembled, 
resulting in a set of ON algebraic equations for the 6(N + 1) 
transformed interlaminar stresses and displacements. Continuity 
of stresses and displacements at the internal interfaces (m = 1 
to N - 1) are automatically satisfied. 
iv) Boundary conditions at the top and bottom surfaces 
are appended. These are: on m = N, transformed stresses T.71 
= T.23 = 0; on m = 0, T ea  = 	= 0, Tea  = a-, where cr is the 
transform of the impact loading function. 
At this point, the problem is completely formulated, and 
numerical methods must be employed to determine the interlaminar 
stresses as functions of position and time. These may he briefly 
summarized as follows: 
(1) 
v) The set of linear algebraic equations is solved re-
peatedly for the transformed interlaminar stresses and displace-
ments at selected discrete combinations of the transform variables 
k/' k 	and s. 
vi) The inverse transforms of the transformed interlaminar 
stresses are numerically calculated to yield the true interlaminar 
stresses at discrete values of x i , 1 3 , and t. 
-.. 	Implementation of Numerical Procedures 
3.1. Loading Function. The function chosen to model the 
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r > a; t 0 > t ; t < O. 
3y inspection, the maximum normal compressive 
impact is 
G (x i ,x3 ,t) = 
load is p , which occurs at r = 0, t = t o /2. For numerical reasons, 
0 
the function was chosen to have continuous first derivatives with 
respect to both position and time at its boundaries (r = a, t = ►  
and t o ). It is expected that this function will adequately model 
the applied load due to foreign object impact normal to the plate 
surface. When transformed by equation (1), the result is 
E(k i ,k3 ,t) = 8Trp 0 -C4J o (ak)/(ak)a + El/(ak) - 0/(a01,1 1 (ak) 1* 
(.3) 
	
( 1 	e '51.°) C 1 /5 - 	( 	4 (27 / t o ?. ) / k3. 
where k = k 
• 
+ k 3 	and J and J /  are Bessel functions of the ' 
• 	
!'  
first kind of order zero and one. 
5 
Solution of equations. The set of linear algebraic 
equations to be solved is in so-called block-tridiagonal form; 
each group of six equations for a given layer contains only the 
six unknowns on each. of its corresponding bounding surfaces. 
Because of this form, an efficient algorithm is available for their 
solution, as discussed in [2]. This is fortunate, since the set 
of equations must be solved repeatedly in order - to obtain the 
transformed interlaminar stresses for all combinations of the 
chosen values of k 	k3 , and s. 	(Considerations necessary for the 
selection of the discrete values of the transform variables are 
defined in the next sub-section). 	Specifically, if it is desired 
to obtain values for the stresses at the nodes of an N F x NF 
grid in the x i -x3 p1ane, for NL time intervals, solutions to the 
algebraic equations must be obtained for N F N L combinations of 
, k3 , and s. However, the following symmetries and antisvmmetries 
were observed in the solutions of the equations: 
	
T2.2_ (k, , k3 , s) = Ta 	k i , 	„g) 
, k3 „s) 	-Tja_(k ,: 3 ,Ts) 
T 	,k s) = -T 	„g) 
J3 ' 	'3' 	 a3 
Tea 	I „ 	„ s) = "Ta. 	( 	„ 	s ) 
(k l ,k3 ,$) = 	T, z (-k i „-k3 ,$) 
Ta3 (k, ,k 3 ,s) 	-T 3 (-k 	-k 	s) 
where -- denotes the complex conjugate. Hence, the set of 
NF N ! equations need be solved only Np  N /4 times; the sol - 
utions for the remaining .:AN L /4 combinations of the transform 
are obtained through the above symmetr:i es. 
6 
3.3 Transform Inversion. In order to obtain the inter-
laminar stresses as functions of position and time, the inverse 
transforms of the solutions to the algebraic systems must be 
obtained. By theorems of Fourier and Laplace transforms, the 
inverses of transformations (1) may be written as 
M 0 CA- LOD 
u(x 	, t = 	S S t ' 3 	 U ( 	, 3 , ) 	pr_St - i( 	X 44::3 X 3 ) d sd 	d 	 ( 4 ) Tr" 
-cc 40 c-co 
where the Laplace transform variable s = c - iw with c a positive 
constant greater than the real part of the rightmost pole of U. 
Since the transformed stresses, represented in (4) by U, may be 
obtained as outlined above at discrete values of k i , k and s, 
a discrete form of (4) must be obtained; specifically one which 
casts the inversion problem into a form for which Fast-Fourier 
transform methods may be used. 
If changes of significance are expected to occur only over 
distances greater than A and over times greater than T, then the 
largest wave numbers k i and k3 and frequencies a) which need be 
considered are, respectively 
0 = 277VA 	 SI = zair 	 (5> 
and equation (4) may be approximated by an integral over finite 
ranges: 
r Q fsQ r n- 
	
„ t ) = 	3 e` 	3_ 11 j_n_u 	, ) e p I: 	(ldt k: x /  k:3 X 3 ) dU)d k: d l< 3 
We shift the intervals of integration to get 
24 	 11- 
Lt ix i ,x3 „t) = 	EX p 	 ( at. 	+X 3 ) ) .3S \ LJ ( 	-Q, 	-Q, 	is1.) )1( 
g o'ct ~u 
expE- 	 x I +1< 3 x 3 ) cluJ 	d 3 
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Now we further approximate the integral by a finite summation 
over N r • intervals in both k J and k", and NI L intervals in W; i.e. 
144.-1 
LI(X 1 ,x3 , t) 	I expEct+i Cat+0 (x i 4-x3 )) aZ ZEu(i-; 	 s K -vist)* 
TIT" 	 K'o I:o I.0 	 S 
ex p E-i 	k 	+14: 3 x 3 ) (b A(A) 
where 	 4k = 20/N r 
	 k r = 20(1+. 5) /N r 
Au} = 211/N F 	 s t< = c-i2.11(I+.5) /NI L 
 Equation (6) may hence be written as 
Q  
u (x i , x3 , t ) = 	expEc:t.+1 	1--1 /NI L ) t 	( 1 - 1 /N r )(x - 1- x 3 ) :1* 
Aip - I A) 	Alc  
ku. -O., 	expC-i 	 ) ) 
Izo 
Up to this point x i , x3 , and t are continuous variables. 	If WE 
now evaluate these quantities at the discrete points 
=-ITL/G1 	x 3 = xm =/[M/Q; 	L,M = 0,1 	- 
t = t iv = NtrL 	 N 	0, 1„ ...,N L -1 
equation (7) becomes, after some rearrangement, 
u(x 	x 	tN  ) = Q-(1" ex p Cc:IFNI/11 	( J.-1/N ) 	 (1 - 1iN F ):111-1(L,M N) (8) 113 	
. 
where 
(L, M, N) = 	
c- 
„ 	 1.J (1-: . .r -0, k.„-O.„ 	exp E 	211- (KN/1`,I L +IL/N r -k- 
Z:0 .r.0 Kr-, 0 (9) 
Equation (9) has the form of the Inverse Discrete Fourier TranS-
form (IDFT) of the discrete three-dimensional array U. The Fast 
Fourier Transform algorithm developed by Cooley and Tukey (4) 




equation (9) to yield the array H(L,M,N). The function u is then 
obtained -from equation (8) at discrete values of x i , x 3 and t. 
The above discussion indicates the required values of 
k i ,k3 , and s for which solutions of the algebraic equations for 
the transformed interlaminar stresses and displacements must be 
obtained. Once A and 	are determined (through consideration 
of the duration and extent of the loading function and the 
theoretical wave speeds in the medium), solutions are obtained 
for all combinatins of 
, 	
Tr 
= 	(I+. 5) -27r/A , 	I = o , 	. . 
s=c-iE 	(I+.5)-27r/r 3, 	I = 0,1, ... ,NL -1 
The inversion procedure then yields the interlaminar stresses at 
the discrete values 
x i , x3 =1\3/2, 	= 0,1,...,N -1 
t = rJ/2, 	= 0,1,...,N -1. 
It should be noted that the approximation of the IDFT over the 
infinite interval effectively replaces the single impact loading 
function with an infinite array of sources periodic in x l and x3 . 
As a result, calculated values represent the true response only 
up to 
x i , x3 = A(Nr /2-1)/2. 	 (10) 
That is, true stresses due to the single point source are obtained 
for only one-half of the values of x i and x3 ; at values past 
9 
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the points given by equation (10), disturbances propagating from 
the fictitious sources are included in the? results. Hence?, N 
must be chosen sufficiently large that disturbances have not 
propagated past this point during the time span of the 
calculation. 
Choice of the parameter c affects the accuracy of the 
computed result. In theory, c must only exceed the real part of 
the rightmost pole of U. However, in the numerical calculation, 
there is a finite range of useful values of c in order to 
balance round-off errors and aliasing errors for large t in the 
FFT E53. It was found that a reasonable amount of trial and error 
yields an acceptable value of c. 
3.4 Programming considerations. The principal effort 
during the period of this report has been in the development, 
testing, and refinememt of a Fortran computer program, IMP3D, 
to carry out the numerical procedures described above. This 
program is similar in principle to IMP2D, the program for the case 
of line impact reported previously C3l. However, certain major 
modifications to the original program were necessitated by the 
additional complexity of the three-dimensional problem. In par-
ticular, computer storage limitations, which were not a critical 
factor in the two-dimensional case, became a prime consideration 
in the development of the present. program. At this writing, 
development and testing of IMP3D are completed, several test 
cases have been run, and a parametric study has been initiated; 
some of the preliminary results are summarized in the next 
10 
section. In its present form, IMP3D can perform the necessary 
interlaminar stress calculations for a plate of up to six layers 
(N = 6), with up to 8 steps in the x i and x z directions (1'4. = 16), 
and 16 steps in time (N L = 16). 	While it is acknowledged that 
most composites contain far more than 6 layers, the purposes of 
this study should be adequately served by consideration of a 
relatively small number of layers. For the limiting values of 
N, N F , and NL , approximately 200 K of computer core is required, 
with an execution time of 300 CPU seconds on Georgia Tech's 
Cyber computer system. 
A documented source listing of IMP3D is included as an 
Appendix .to this report.. 
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4. Preliminary Results and Future Work 
The table on the following page summarizes a sampling of 
the results obtained in a typical run of IMF3D. The results 
presented are for the interlaminar normal stress T11 on each 
interface at the location x = x3 = 0 (directly underneath the 
center of the impact region). These results are consistent with 
those of the two-dimensional case reported previously. As can 
be observed from examination of the table, a compressive wave 
propagates through the thickness to the bottom surface, and is 
reflected back as a tensile wave. As before, the calculated speed 
of propagation is very close to the theoretical dilatational wave 
velocity. This sample of numerical results serves to establish 
some measure oic con-Fidence in the numerical techniques and in their 
implementation in IMP3D. 
At this writing, a parametric study has been initiated 
in order to determine the effects of plate geometry, material 
properties, stacking sequence, and load duration and extent on 
calculated interlaminar normal and shear stress magnitudes. 
The purpose of thes study is two-fold --- first, to identify those 
parameters which may be adjusted to minimize the critical inter-
laminar stresses; and second, to determine precisely what are the 
critical conditions of stress which lead to delamination damage; 
that'is, to arrive at an appropriate stress criterion for failure 
due to delamination. The identification of such a failure cri-
terion is of primary interest, and will be aided by the following 
experimental observations: 
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• Transverse Propagation of Normal Stress 
0 	1 
0 | 	0.00 	0.02 
1 | -0.50 	0.03 
2 	-1.00 -0.51 
7 | -0.50 -1.06 
4 	0.00 -0.44 
5 ..)	0.00 	0.03 
Calculations based on the 
Material constants 	E 
3 4 5 6 
0.07 0.11 0.04 -0.03 0.00 
0.08 0.06 0.10 0.10 0.00 
0.04 0.09 0.11 0.11 0.00 
-0.57 0.11 0.13 -0.01 0.00 
-0.95 -0.61 0.00 0.06 0.00 
-0.37 -0.99 -0.74 0.01 0.00 









: : 0: 
-0.30 0.05 0.70 0.59 0.00 
0.27 0.75 0 56 0.19 0.00 
0.67 0 69 0 31 0.01 0.00 
0 78 0  25 0.10 0 	17 0.00 
0 54 0 34 0.10 0.10 0.00 
-0 20 0 36 0.70 -0.09 0.00 
-0.46 -0 22 0 	11 0. 0 00 
following: 
= 20 x 	10 psi Ea = 2 x 	10 psi 
= 0.30 * a » = 0.4 0 	
3 2 x 	10 psi e = 0. 055 	1 b / i n 
Interface Number 
Loading function 	Duration of load = 1.53//sec 
Radius of loaded region = 0.60 in. 
Time step = 0.38 /Asec. 
13 
ter-Faces furthest removed from the impact site [6]. 
ii) After initiation, the delamination spreads longi-
tudinally at the speed of flexural waves [73. 
iii) At a given interface, the shape of the delaminated 
region is elongated in the direction of the fibers in the layer -
on the side further from the impact site C6,77. 
iv) Significant delamination damage only occurs between 
layers with different fiber orientations C7]. 
By correlating the computational results for interlaminar stresses 
from several cases covering a range of parameters with the above 
qualitative experimental observations, it is hoped that a suitable 
failure criterion may be ascertained. 
Dased on preliminary results obtained to date and on ex-
perimental observations (i) and (ii) above, the most probable 
sequence of events for the initiation and spread of the delamination 
is as follows: damage is initiated directly beneath the impact 
loading site by tensile normal stresses reflected from the bottom 
(free) surface of the plate. Delamination spreads longitudinally 
due to interlaminar shear stress propagating in the plane of the 
plate as the slower flexural waves develop and spread outward 
from the impact site. 
At this point in the project, some qualitative conclusions 
and some suggestions for further investigation may be 
set forth based on early results from the parametric studies. 
The magnitudes of the interlaminar tensile stresses underneath 
the impact site have been shown, from the numerical results 
14 
obtained so far, to be insensitive to the stacking sequence; 
regardleSS of the fiber orientation, the through-thick- 
ness modulus (Cal) is uniform through the thickness. However , 
it has been found that maximum tensile stress decreases as the 
plate thickness increases, for the same impact loading function; 
by the time the compressive pulse reaches the free surface and 
is reflected as a tensile wave, the pulse has spread out longi-
tudinally so that, while the total energy contained in the pulse 
remains constant, it has spread over a larger region resulting 
in a lower peak tensile stress. While the designer has some con-
trol over the overall thickness of the plate, he has no control 
over the magnitude, size, and extent of the loading function. 
Further analytical work needs to be done to estimate these loading 
parameters for a foreign object of given size and kinetic energy 
impacting a plate with known properties. To this point, the load 
parameters are input to IMP3D as arbitrary quantities selected 
by the user. This analysis should be possible as a separate 
calculation based on a simplified model. 
Additional details of the propagation of shear stresses 
with flexural waves need investigation as the parametric study 
continues. Due to the nature of the numerical algorithms, and 
to the wide differences in the speeds of propagation of the 
different types of waves, it is difficult to see in a single run 
of IMP3D the effects of both through-thickness and longitudinal 
propagation. The longer time spans required to see the flexural 
waves mask the more rapid transverse propagation. Hence, the 
15 
immediate continuation of the parametric study will be focused 
on the shear stresses which develop and propagate longitudinally. 
Of particular interest will be the directional dependence of the 
propagation of the largest shear stresses compared with the 
fiber orientation. It is hoped that this study will exhibit 
some correlation with one or more of the experimental observations 
mentioned above, and aid in the identification of a critical 
stress failure criterion for delamination. 
If the preliminary conclusion mentioned above is correct, 
that delamination is initiated due to the reflected tensile pulse 
propagating upward from the free surface, two additional areas 
of extension to the present investigation merit some study. 
First, it has been suggested that a thin layer of material 
exhibiting elastic-plastic behavior could be added to the sur- 
f ace to be impacted, thus absorbing some of the impact .energy be-
fore it is transmitted to the laminate. 	It should be possible to 
modify the existing analysis to study the effects on the inter-
laminar stresses of the addition of such an energy-absorbing layer. 
This study would require determining an adequate, simple consti-
tutive model for the additive layer, and analysis of how a known 
impact load on this layer is transmitted to the plate itself. 
Once this is known, the calculations could proceed unchanged from 
the present case. 	Intuitively it would seem that the major 
factor limiting the effectiveness of this idea of adding an 
absorbing layer would be the requirement that this layer be rel-
atively thin in practice. 
16 
A second possible area of investigation aimed at reducing 
the effect of the through-thickness normal stresses lies in the 
insertion within the plate of one or more layers of material 
with elastic modulus in the thickness direction different from 
that of the rest of the layers. These additional layers could 
simply consist of a composite material having a different type of 
fiber. The addition of such layers could have the effect of 
attenuating the magnitude of a normal stress pulse propagating 
through the thickness, for the following reason. When such a pulse 
reaches a free surface, it is entirely reflected; however, when 
it reaches an interface between two materials of differing moduli, 
part of the pulse is reflected and part is transmitted onward into 
the new material. Hence, the additional layers could have the 
effect of degrading the intensity of the initial compressive 
pulse before it reaches the bottom surface and is reflected as 
a tensile Wave. The numerical investigation of this idea could 
be implemented as a straightforward extension to the current 
analysis. 
In summary, the numerical program for the study of stress 
wave propagation in composite plates due to impact has been 
successfully implemented. A parametric study is in progress and 
will continue. Based on the preliminary results of this study, 
several qualitative conclusions, as mentioned above, can be made, 
subject to further verification by the completion of the study. 
Additional possibilities for areas of investigation have also been 
suggested and may merit further consideration. 
17 
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Appendix 
A source listing of the Fortran program IMP3D, designed 
for the calculation of interlaminar stress in a multi-layered 
composite plate subject to central impact loading, follows. 
Documentation is included within the program. Notation and 
variable names follow, as closely as .practical, those used in this 
and in previous reports C1-33. 
19 
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PROGRAM IMP3D(INPUTpOUTPUTpTAPE5aINPUTpTAPE6 ■ 0UTPUT) 
C PROGRAM TO CALCULATE NORMAL AND SHEAR STRESSES ON 
C INTERLAMINAR SURFACES FOR A COMPOSITE LAMINATE 

















C INPUT PARAMETERS 
C 
C 	N = NUMBER OF f.AYERS 
C DENS ■ MASS DENSITY 
C 	88 = ONE—HALF THICKNESS OF A LAYER 
C THETA(I) 0, FIBER ORIENTAIION IN LAYER I (DEG.) 
C 	PO a MAXIMUM IhPACT LOAD 
AO a RADIUS OF IMPACT REGION 
C 	TO = TIME DURATION OF IMPACT LOAD 
C CCU, ETC. a OPTHOTROPIC ELASTIC CONSTANTS FOR 
C 	 A LAYER 
C NF, NL 0 NUMBER OF INTERVALS IN FOURIER AND 
C 	 LAPLACE INVERSIONS (MUST BE EQUAL TO A 
C POWER OF TWO) 
C 	MF, ML -.LOG TO BASE 2 OF NF, NL 
C XS a PARAMETER "LAMBDA" IN FOURIER INVERSIONS 
C 	 (USUALLY !AT - AO) 
C TS ■ PARAMETER "TAU" IN LAPLACE INVERSIONS 
C 	 (USUALLY SET a .5*T0) 
C CC ■ PARAMETER "C" IN LAPLACE INVERSION 
READ(5,4)WPDENSpBB 
READ(5,*)(THE7A(I)pIa1PN) 





C PRINT INPUT VALUES 
BB2a2.*BB 



















WRITE(6,1210) 1 S2 
WRITE(6,1220)NL 
WRITE(6,1230)CC 
1060 FORMAT(1X/11W.NPUT DATA3,/) 
1070 FORMAT(3X,19HNUMBER OF LAYERS a ,I1) 
1060 FORMAT(3X/18HLAYER THICKNESS • ,F5.1) 
1090 FORMAT(3)(p2OHSTACKING SEQUENCE 	/6(F4.0)) 
1100 FORMAT(3X,26HPADIUS OF LOADED REGION a /F8.1) 
1110 FORMAT(3X,19HDURATION OF LOAD a ,F7.2) 
1120 FORMAT(3X,15HMAXIMUM LOAD = ,F5.1) 
1130 FORMAT(3X,1OHDENSITY ■ p1PE12.4) 
110 FORMAT(3X,30HORTHOTROPIC ELASTIC CONSTANTSZ) 
1150 FORMAT(5Xp6HC.1 a ,OPF9.4,2X,6HC12 A ,F9.4p2X,6HC13 a ,F9.4) 
1160 FORMAT(5)(p6HC22 a ,F9.4,2X,6HC23 a ,F9.4,2X,6HC33 * ,F9.4) 
1170 FORMAT(5)(y6HCIt4 ■ /F9.4,2X06HC55 • ,F9.4/2)(1, 6HC66 ■ ,F9.4,/) 
1180 FORMAT(1X,24HCOMPUTATIONAL CONSTANTSs,/) 
1190 FORMAT(3X,25HLONGITUDINAL STEP SIZE 	,F6.1) 
1200 FORMAT(3)(,28HN0. OF LONGITUDINAL STEPS = ,I2) 
1210 FORMAT(3X/17H'IME STEP SIZE a ,F8.3) 
1220 FORMAT(3)(p2OHNO. OF TIME STEPS ■ rI2) 
1230 FORMAT(3X,5HCC ■ ,F6.2) 
NF2 ■ NF/2 
NL2aNL/2 
C CIILL ROUTINE TO FIND ELASTIC CONSTANTS FOR EACH 
C LAYER IN GLOBAL COORDINATE SYSTEM THROUGH 
C COORDINATE TRANSFORMATION. 
CALL CONST(N) 
C CALCULATE THOSE COEFFICIENTS OF BLOCK—TRIDIAGONAL 













CO(2,6) ■ (0.10,.) 
C0(3,4)*(0./0.) 
C0(3,5) ■ (0.,00) 
3(1,6,1)-(0./0.) 
B(3,5,1)4(0.0.) 






001(2) ■ —AA(5,4) 
NM1 ■ 1.4-1 
IF(N.EQ.2)G0 70 101 






















A(1,6PIM1) ■ (0ty0.) 
A(3,5,IM1).11(0e,0.) 


















OM ■ 6.2831853/TS 
C OUTER LOOP — FOR ALL VALUES OF K1 TO BE USED 
DO 400 IF11.10F 
K1a2.*KK/NF*(1F1 —.5) —KK 
Kl1wKl*K1 
C MIDDLE LOOP — FO1 HALF THE VALUES OF K3 TO 
C 	EE USED. 
22 
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DO 401 IF31.11,NF2 
K3412**KK/NF*(1F3—.5)--KK 
K33aK3*K3 
C CALCULATE THOSE COEFFICIENTS OF BLOCK—TRIDIAGONAL 
C SYSTEM-WHICH DEV:ND ON Kl, K3 ONLY. 
K13.0(1*K3 
CALL FAA2(1) 
B0(1,2). —.AA(1: , 2) 
30(1,3)=AA(1,3) 
B0(2,1)n—AA(2)1) 












A1(2,3) ■ AA(5,3) 
A1(3,1).c—AA(611) 
A1(3,2)mAA(15,2) 
B(1/2,1).'AA(4. , 2) 
B(1,3,1)11AA(4,3) 
6(1,4,1)gAA(414) 





B(3,2,1) ■ AA(612) 
d(3,4,1) ■ AA(6..4) 
001(3)aAA(6,4) 
001(1)nAA(4,4) 
IF(N.EQ.2)GO TO 202 




















A(2p3P1M1) ■ AA(5,3) 
A(2P5PIM1)u—AA(505) 
A(2,6p1M1) 0 AA(5,6) 
A(3p1P1M1)u —AA(6,1) 
A(3p2pIM1)uAA(6,2) 
A(3 .p4pIM1) ■ —AA(6,4) 
B(1,2pI)uAA(4,2) 
8(1p3PI)uAA(4,3) 





B(3,1,1) ■ AA(6,1) 
6(3,2,I)miAA(5,2) 
20 B(3P4PI) ■ AA(6,4) 
202 CALL FAA2(N) 
B(4P2PNM1)u—AA(1,2) 
B(4p3PNM1) ■ AA(1,3) 
B(5.1pNM1)u—AA(2,1) 
8(5p3pNM1)u —AA(2,3) 
B(6,1,NM1) ■ AA(3,1) 





CNM1(3,1) ■ AA(3,1) 
CNM1(3,2)..AA(3,2) 
AN(1,2) ■ AA(4,2) 
AN(1,3) ■ —AA(4,3) 
AN(1,4)=—AA(4,4) 
AN(2,1)=AA(5,1) 







BN(1,3) ■ AA(4,3) 
BN(2,1)-AA(5,1) 
BN(2,3) ■ AA(5,3) 
BN(3p1)2, AA(6,1) 
BN(3,2)-AA(6,2) 
C INNER LOOP — FOR HALF THE VALUES OF S TO 
C 	BE USED. 
UO 402 ILu1pNL2 
S-CMPLX(CC,OM-2.*OM/NL*(IL—.5)) 
OSSaDENS*S*S 
C CALCULATE THOSE COEFFICIENTS OF BLOCK—TRIDIAGONAL 
C SYSTEM WHICH DEPEND ON Klp K3, S. 
CALL FAA3(1) 





• • 	 f A 	gr.*. 	, , 
AliJ,J) ■—AA(JP3,J) 
31 B(J,J,1).AA(JP3,J) 
IF(N.EQ.2)G0 TO 303 
00 30 I.12,NM1 
CALL FAA3(I) 
DO 32 J ■ 1,3 






303 CALL FAA3(N) 








DO 55 1 ■ 1,3 
55 Dl(I) ■ DD1(I)*SIG 
C 	SOLVE BLOCKTRIDIAGONAL SYSTEM FOR A SINGLE 
C COMBINATION OF Kl, K3, S. STORE SOLUTION FOR 
C TRANSFORMED STRESSES AT EACH INTERFACE IN ARRAYS 
C 122, T12, T23. 
CALL TRIDIB(N) 
IND1 ■ NL2*.(NF2*(IF1-1)+IF3-1)+IL 





C CLOSE INNER LOOP. 
4,C2 CONTINUE 
C CLOSE MIDDLE LOOP. 
4C1 CONTINUE . 
C CLOSE OUTER LOOP. 
4C0 CONTINUE 
F 203./(TS*XS*XS*NF*NF*NL) 
C THIS SECTION CALLS THE ROUTINE TRANS TO INVER'. 
C THE TRANSFORMS OF THE STRESSES. WHEN COMPLETED, 
C THE ARRAYS 122, T12, 723 CONTAIN THE TRUE STRESSES 
C AT DISCRETE VALUES OF Xl, X3, T AT EACH INTERFACE. 
DC 404 L=1,Nh1 
DO 405 IIRI,NF 
00 405 Ja1,NF2 
00 405 1 ■ 1,NL2 
4C5 U(I,J,K).CONJG(T22(NL2*(NF2*(I-1)+J-1)+K,L)) 
CALL TRANS(1) 
DO 436 I ■ 1,NF2 
DO 406 J-1,NF2 
DO 406 K*1,NL 
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2(NL-.1.)/NL*(K-1.))))*CONJG(U(I/J,K)) 
DO 407 I-1/NF 
DO 407 J ■ 1/NF2 
DO 407 Kn1/NL2 
407 U(I/J/K)121. 12(NL2*(NF2*(1-1)+J-1)+K/L) 
CALL TRANS(-1) 
DO 408 In1/NF2 
DO 408 Je1pNF2 




DO 409 I=1/NF 
DO 409 Jn1/NF2 
DO 409 Ka1/NL2 
409 U(I/J/K)=1. 23(NL2*(NF2*(I-1)+J-1)+K/L) 
CALL TRANS(-1) 
DO 410 In1oNF2 
00 410 Ja1/NF2 





C 	OUTPUT THE INTERLAM1NAR STRESSES. 
WRITE(6,1030) 
DO 500 L ■ 1/NM1 
WRITE(6/1010)L 
DO 501 Knl/NL 
KM1aK-1 
4RITE(6/1020)KM1 
DO 502 Jnl/NF2 








DO 504 Lal1/N111 
WRITE(6/1010)L 
DO 505 K-1,NL 
KM1sK-1 
WRITE(6/1020)KM1 
DO 506 J=1/NF2 








00 508 Ln1/NM1 
WRITE(601010)L 
DO 509 KnlpNL 
26 
1 
	 11N 	 63 
WRITE(6,1020)KM1 
DO 510 J ■ 1,NF2 
DO 511 I ■ 1.NF2 







1014 FORMAT(3X,14HINTERFACE NO. sI2,/) 
102C FORMAT(5X,11HTIME STEP ,I2./) 
1030 FORMAT(1X,17HNORMAL STRESS T22,/) 
1C4G FORMAT(1X,18HSHEAR STRESS 112,/) 
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SUBROUTINE TRANS(L) 
C ROUTINE TO 
C 	A) APPLY SYMMETRY CONDITIONS TO DETERMINE VALUES 
C OF TRANSFORMED STRESSES AT THE REMAINING 
C 	COMBINATIONS OF Klp K3, S AND 
C B) INVERT THE TRANSFORMS USING THE FAST FOURIER 




C APPLY SYMMETRY CONDITIONS TO FILL OUT ARRAY U. 
DO 1 Ilp, NF 
DO 1 Ja1pliF2 
DO 1 KaliNL2 
1 U(IpJpNL—K+1)15CONJG(U(IPJPK))*L 
DO 2 K ■lyNL 
DO 2 ImilpNF. 
DO 2 JalpMF2 
2 O(NF—I+1pNF—J+1,K)aU(IpJ,K)*L 
C 	INVERT THE THIRD SUBSCRIPT (5—INVERSION) 
DO 25 Ia1pNF 
DO 25 JalpNF 








C 	INVERT THE SECOND SUBSCRIPT (K3—INVERSION) 
DO 40 IalpNF 
DO 40 KalpNL 








C 	INVERT THE FIRST SUBSCRIPT (K1—INVERSION) 
U0 45 Ja1pNF 
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SUBROUTINE LOAD 
C ROUTINE TO CALCULATE THE TRANSFORM OF THE 
C LOADING FUNCTION AT PARTICULAR VALUES OF 
C KlY K3, S. MMBSJO AND MMBSJ1 ARE IMSL 
C FUNCTION SUBPROGRAMS TO CALCULATE THE 





K ■ SORT(K11+K33) 
AIO.A0*K 






C ROUTINE TO APPLY COORDINATE TRANSFORMATIONS 
C 10 CALCULATE THE ELASTIC CONSTANTS FOR THE 
C Xl, X2, X3 COORDINATE SYSTEM FOR EACH OF THE 






DO 1 I.1,N 
THETAM ■ THETA(1)*PI/180. 
CT.COS(THETA(I)) 
ST.SIN(THETA(I)) 


























C ROUTINE TO CALCULATE CERTAIN COEFFICIENTS (I.E., 
C THOSE DEPENDING ON K1, K3 ONLY) OF THE EQUATIONS 
C OF MOTION FOR LAYER I. THESE ARE THEN PASSED TO 
C THE MAIN PROGRAM FOR INSERTION INTO THE BLOCK — 







AA(1,2) ■ CMPLX(0.0,(C12(I)*K1+C25(1)*K3)/BB) 
AA(1,3).C15(I)*K11+(C13(I)+C55(I))*K13+C35(I)*K33 
AA(2,1) ■CMPLX(0.0,(C66(I)*K1+C46(I)*K3)/BB) 



















C ROUTINE TO CALCULATE CERTAIN COEFFICIENTS (I.E., 
C THOSE DEPENDING ON Kl, K3, AND 5) OF THE EQUATIONS 
C OF MOTION FOR LAYER I. THESE ARE THEN PASSED TO 
C THE MAIN PROGRAM FOR INSERTION INTO THE BLOCK-










AA(4,1) ■ C11H(I)*K114.3.*C15H(1)*K13+C55H(I)*K33+ 
13.*C66(r)/(BB*BB)+DSS 

















C FORWARD SOLVE 
C PD a BO 
C CALCULATE 00. 
DO 48 M*1,6 
DO 49 I*1,3 




DO 51 I ■ 113 
51 Q0(I,M)-Y(I) 
48 CONTINUE 
C CALCULATE P(1) 
DO 4 I*1,3 
DO 4 J-1,6 
DUM*(0.$0.) 
DO 5 L*1,3 
5 DUMADUM+A1(I,L)*Q0(L,J) 
4 P(I,J/1)*B(I,J/1)—DUM 
DO 400 1 ■ 4/6 
DO 400 4-1,6 
4CC P(I,J/1)*BCl/Jp1) 
IF(N.EQ.,Z)G0 TO 52 
NM2-N-2 
C CALCULATE THE 0'S 
00 6 K ■ 1/NM2 
DO 7 M*1/6 
DO 8 
DO 8 J*1/6 
E A6(I/J)*P(I/J,K) 
DO 9 1-1/3 
9 86(I)*(0.0.) 
DO 900 1-1,3 
91C B6(I+3)-C(IpM,K) 
CALL GAUSS(b) 
DO 10 I*1,6 
10 Q(I/M/K)*Y(I) 
7 CONTINUE 
C CALCULATE THE PIS 
KPl ■ K+1 
DO 11 I*1/3 
DO 11 4-1,6 
DUM-(0.,0.) 
DO 12 L*1/6 
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DO 11,0 1=4,6 
DO 110 .1 ■ 1,6 
110 P(I$J,KP1)•BtI,Jp01) 
6 CONTINUE 
52 Nti1.*N - 1 
C CALCULATE Q(N-1) 
DO 13 M=1,3 
DO 14 1 ■ 1,6 
DO 14 J=106 
14 A6(I,U)=P(I,J,NM1) 
DO 15 1 ■ 1,3 
15 B6(I)*(0.,06) 
DO 150 1=1,3 
15C 86(I+3)=CNM1(I,M) 
CALL GAUSS(6) 
DO 16 I=1,6 
16 QNM1(I,M)=Y(I) 
13 CONTINUE 
C CALCULATE P(N) 
DO 17 I=1,3 
DO 17 J*1,3 
DUM ■ (0.,08) 
DO 18 L=1,6 
18 UUM=DUM+AN(I,L)*QNM1(L,J) 
17 PN(I,J)=8N(I,J)-DUM 




DO 65 1=1,3 




DO 68 I=1,3 
68 X0(I)=Y(I) 
DO 25 I=1,6 
DO 25 J=1,6 
A6(1,J)=P(I,J,1) 
00 26 1=1,3 
DUM ■ (06,04) 
DO 27 L=1,3 
27 DUM=DUM+A1(1,L)*X0(L) 
26 B6(1)=D1(I)--DUM 
DO 26,0 1=4,6 
260 B6(I) ■ (0.,04) 
CALL GAUSS(6) 
DO 28 1 ■ 1,6 
28 X(Iy1)=Y(I) 
IF(N.EQ.2)G0 TO 53 
DO 29 K=2,NM1 
KM1 ■ K-1 
DO 30 1•1,3 
DUM=(0.,0.) 
DO 31 L*1,6 





DO 300 1'84,6 
	
300 B6 	)n(Ost0.) 
DO 32 In1,6 
DO 32 J=1,6 
32 A6 (.1, J )nP(IP J,K ) 
CALL GAUSS (6 ) 
DO 33 I=1,6 
33 X(IPK) ■ Y(I) 
29 CONTINUE 
53 DO 34 I-1,3 
DUNI'(04,0. ) 
DO 35 L-1,6 
35 DUMnDUM+AN( I,L)*X(L,NM1 ) 
34 B6(I ) n-.DUM 
DO 72 In1,3 
DO 72 J.1,3 
72 A6(I,J) ■ PN(I,J) 
CALL GAUSS (3) 
DO 73 I-1,3 
73 XN(I) ■ Y(I) 
C BACKS OLV E 
C CALCULATE THE X'S (WRITTEN OVER THE U'S) 
00 36 Inl, 6 
DUMn( 0./ Os ) 
DO 37 Lnl 3 
37 DUMnQNM1 ( IpL )*XN ( L )+DUM 
36 X( 	NM1 )11( ( I, NM1 )—DUM 
IF (N.E0.2 )G0 TO 54 
DO 38 K-2,NM1 
M=N—K 
M1-M+1 
DO 39 I=1,6 
DUNI' ( 	) 
DO 40 L-1,6 
DUMnDUM+0( I, LP M)*X(L,M1 ) 
39 X(1,M)nX(IPM)—DUM 
36 CONTINUE 
54 00 41 In1 3 
DUM• ( 06,0.) 
DO 42 Lill 6 
42 DUMnDUM-1-00(1,L)*X ( LP') 





"` 21-4411ft ,21/14.A61444",. aT 64°Virii 
SUBROUTINE GAUSS(N) 
C ROUTINE TO SOLVE AN N*N LINEAR SYSTEM BY 
C GAUSSIAN ELIMINATION. 
COMPLEX A,B,X,R,DUM 
COMMON/GSS/A(6/6)08(6),X(6) 
C FORWARD SOLVE 
DO 1 L=2/N 
LM1-L-1 
C PIVOT THE ROWS 
BIG=CABS(A(LM1/LM1)) 
K ■ LM1 
DO 5 I=L/N 
IF(CABS(A(I/LM1)).GT.BIG)GO TO 6 









R ■ B(K) 
B(K)=8(LM1) 
B(LM1) ■ R 
C ELIMINATE 
DO 8 I=L/N 
A(I/LM1)=A(I/LM1)/A(LM1/LM1) 




C BACK SOLVE 
X(N)=8(N)/A(N/N) 
NM1=N-1 
DO 10 1I=1/NM1 
I=NII 
DUM=(0./0.) 
DO 11 JJ.11/II 
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► 	 THE FOLLOWING SUBROUTINE MAY BE A PROPRIETARY PRODUCT AND HAS 
BEEN PURCHASED OR SUBSCRIBED TO BY GEORGIA TECH FOR OUR CONTROL DATA 
USERS. ANY REPRODUCTION OF THIS CODE, AS IN A THESIS OR DISSERTATION 
FOR DUPLICATION OF RESULTS, SHOULD INCLUDE THE FOLLOWING STATEMENTS: 
THE LISTED CODE IS PART OF A PROPRIETARY PRODUCT BELONGING 
TO 	 
THE LISTINGS ARE REPRODUCED WITH THE PERMISSION OF 	 
THE LISTINGS MAY NOT BE EXTRACTED FCR OTHER PURPOSES, OR USED 
AS THE BASIS FOR ANY SOFTWARE DEVELOPMENT. 
IMSL ROUTINE NAME 	— FFT2C 
COr,PUTER 	 — CDC/SINGLE 
LAT ES T REVISION 	— JANUARY 1, 1578 
PURPOSE 	 — COMPUTE THE FAST FOURIER TRANSFORM OF A 
COMPLEX VALUED SEQUENCE OF LENGTH EQUAL TO 
A POWER TWO 
USAGE 	 — CALL FFT2C (A,M,IwK) 
LRGuMENTS 	A 	— COMPLEX VECTOR OF LENGTH N, WHERE N=2**M. 
ON INPUT A CONTAINS THE COMPLEX VALUED 
SEQUENCE 10 EE TRANSFORMED. 
UN OUTPUT A IS REPLACED BY THE 
FOURIER TRANSFORM. 
— INPUT EXPONENT 10 WHICH 2 IS RAISED TO 
PRODUCE THE NOMbER OF DATA POINTS, N 
(I.E. N = 2**M). 
IWK 	— WORK VECTOR OF LENGTd M+1. 
PRECISION/HARDWARE 
- 
SINGLE AND DOUBLE/H32 
— SINGLE/H36,H4B,H6 
IMSL ROUTINES — NONE REQUIRED 
NOTATION 
	
— INFORMATION ON SPECIAL NOTATION AND 
CONVENTIONS IS AVAILABLE IN THE MANUAL 
INTRODUCTION OR THROUGH IMSL ROUTINE UHELP 
REAARK:i 	1. 	FFT2C COMPUTES THE FOURIER TRANSFORM, X, ACCORDING 
FO THE FOLLOWING FORMULA; 
X(K+1) 	SUM FROM J ■ C TO N-1 OF 
A(J+.1)*CEXPC(0.0,(2.0*PI*J*K)/N)) 
FOR K ■ 0,1,...IN-1 AND PI ■ 3.1415... 
NOTE ThAT X OVERWRITES A ON OUTPUT. 
2. FFT2C CAN RE USED TO CONPUTE 
X(K+1)". (1/N)*SUM FROM J * 0 TO N-1 OF 
A(J+1)*CEXPW0.0,(-2.0*Pl*J*K)/N)) 
FOR K*0,1,••.,N-1 ANU 
BY PERFORMING THE FOLLOWING STEPS; 
DO 10 131,N 	
37 
A(I) s CONjG(A(IT) 
10 CONTINUE 
CALL FFT2C (A,MPIWK) 
00 20 In1,N 
A(I) ■ CONJG(A(I))/N 
20 CONTINUE 
COPYRIGHT • 	— 1978 BY IMSL, INC. ALL RIGHTS RESERVED. 
WARRANTY 
	
— IMSL WARRANTS ONLY THAT IMSL TESTING HAS BEEN 
APPLIED TO THIS CODE. NO OTHER WARRANTY, 
EXPRESSED OR IMPLIED, IS APPLICABLE. 
SUBROUTINE FFT2C (A,M,IWK) 
SPECIFICATIONS FUR ARGUMENTS 
INTEGER 	 M,IWK(1) 
COMPLLX A(1) 
SPECIFICATIONS FOR LOCAL VARIABLES 
INTEGEk 	 IIISP,J,JJpJSP,KpK0,K1pK2,K3pKB,KN,MKPMM,MPPN, 
N4,N8,N2,LM,NN,JK 
REAL 	 RAD,C1pC2,C3,S1PS2,S3PCK,SK,SQ,A0PA1pA2PA30 
80,81,B2,b3,TWOPI,TEMP, 
2 	 ZERO,ONEpl0(2)p21(2),Z2(2),73(2) 
COMPLEX 	 ZAOIZA1,ZA2yZA3PAK2 
EQUIVALENCE 	(ZA0pl0(1)),(ZA1,21(1)),(ZA2,Z2(1)), 
(ZA3,Z3(1)),(AO,Z0(1)),(80,Z0(2)),(AlpZ1(1)), 
2 	 (51,2.1(2))s(A2o2.2(1)),(82,Z2(2)),(A3,Z3(1)), 
3 (1331Z3(2)) 
DATA 	 SQ/.70710678118655// 
SK/.38268343236509/, 
2 	 CK/.92387953251129/p 
2 TWOPI/6.2831853071796/ 
DATA 	 ZERO/0.0/,ONE/1.G/ 
SQ ■ SQRT2/2,SK‘SIN(PI/8),CK=COS(PI/8) 
• 	TWOPI=2*PI 
FIRST EXLCUTAbLE STATEMENT 
MP = M+1 
N 	24*M 
IWK(1) = 1 
Mil = (M/2)*2 
KM = N+1 
INITIALIZE 'tiURK VECTOR 
DJ 5 	1.2,MP 
1*.K(I) = IWK(1-1)+IWK(I-1) 
CONTINUE 
RAC = TWOPI/N 
MK = M — 4 
Ki 	1 
IF. (M('. .EQ. 1) GO TO 15 
KZ = KN 
- IwK(MM+1) + KB 
It KL = K2 — 1 
KJ ■ KU — 1 
AK2 ■ A(K2) 
A(K2) = A(KO) — AKE 
A(KU) ■ A(KO) AK2 
IF (KO .GT. KB) GO TO 10 
15 CI - ONE 
SI = ZERO 
JJ = 0 
K = Mh — 1 
J n 4 
38 
4.0r. • -Y••••• 
rimmwWW___ 
IF (K .GE.'1) GO TO 30 
GO TO 70 s ' 
20 IF (IWK(J) .GT. JJ) GO TO 25 
JJ 	IWK(J) 
J • J-1 
IF (IWK(J) .GT. JJ) GO TO 25 
JJ ■ JJ — IWK(J) 
J • J — 1 
K • K + 2 
GO TO 20 
25 JJ ■ IWK(J) + JJ 
J = 4 
30 1SP • IWK(K) 
IF (JJ .EQ. 0) GO TO 40 
RESET TRIGONOMETRIC PARAMETERS 
02 • JJ * ISP * RAD 
Ci 	COS(C2) 
S1 ■ SIN(C2) 
	
35 C2 • Cl * Cl 	S1 * S1 
S2 • C1 * (Si + Si.) 
C3 • C2 * Cl 	S2 * Si 
= C2 * S1 + S2 * Cl . 
40 J5P = ISP + KB 
DETERMINE FOURIER COEFFICIENTS 
IN GROUPS OF 4 
00 50 I•1,ISP 
KO = JSP — I 
Kl • KO + 1SP 
K2 . Kl + ISP 
K3 • K2 + 15P 
LAO • A(KO) 
ZA1 A(K1) 
Z42 • A(K2) 
ZA3 ■ A(K3) 
IF (S1 .EC). ZERO) GO TO 45 
1LMP - Al 
Al • Al * Cl — 81 * S1 
81 = TEMP * Si + 81 * Cl 
TEMP - A2 
A2 • AZ * C2 — 82 * S2 
62 • TEMP 4 52 + B2 * C2 
TEMF = A3 
A3 . A3 * C3 — 83 * 53 
83 • TEMP * 53 + 83 * C3 
45 	TEMP • 	+ A2 
A2 a AO — A2 
AO • TEMP 
TEMP • Al + A3 
Ai • Al - A3 
Al • TEMP 
TL-) • BC + 82 
82 = BO — 82 
30 	TEMP 
TEMP . 131 + B3 
b3 . 31 — B3 
bl • ump 
Atko • CMPLX(A0+41,60+d1) 
A(K1) - CMPLAtA0—AlI13O—B1) 
A(K2) = CMPLX(A2-83,82+A3) 
A(K3) = CMPLX(A2+83,32-43) 
CU'ITINLE 
IF (K .LE. i) GO TO 55 
K 	K — 2 
GO 70 30 	 39 
CHECK FOR COMPLETION OF FINAL 
ITERATION 
IF (KN .LE. KB) GO TO 70 
IF (J .NE. 1) GO TO 60 
K = 3 
J = MK 
GU TO 20 
bV J a J 	1 
CZ = Cl 
IF (J .NE. 2) GO TO 65 
Cl = Cl * CK + Si * SK 
S1 . Si * CK •-• C2 * SK 
GO TO 35 
65 CI a (C1 — S1) * SQ 
a (C2 + S1) * SQ 
GO TO 35 
-V; CONTINUE 
PERMUTE. THE COMPLEX VECTOR IN 
REVERSE BINARY ORDER TO NORMAL 
ORDER 
IF(M .LE. 1) GO 10 4005 
MP a M+1 
JJ a 1 
INITIALIZE WORK VECTOR 
IAK(1) ■ 1 
DO 75 I a 2,MP 
IiiK(1) 	IWK(I-1) * 2 
75 CONTINUE 
N4 a IitK(MP-2) 
IF (M .GT. 2) NB a 1WK(MP - 3) 
N2 . 1OK(MP-1) 
Lh ■ N2 
NN m 110((MP)+1 
DETERMINE INDICES AND SWITCH A 
J = 2 
8: JK = JJ + N2 
AK2 = A(J) 
4(J) ■ A(JK) 
A(JK) 	AK2 
J A J+1 
IF (JJ .GT. N4) GO TO 85 
JJ a JJ + N4 
GO TO 105 
85 JJ a JJ — N4 
IF (JJ .GT. N8) GO TO 90 
JJ a JJ + N8 
GO TO i(5 
9C JJ 	JJ — N8 
K . MP 
); IF (IwK(K) .GE. JJ) GO TO 1)0 
JJ a JJ — IWK(K) 
K = K 	1 
()kJ TO C5 
JJ 	I 1AK(K) + JJ 
IF (JJ .Lt. J) GO TO 110 
K n NN 	J 
JK = NN — JJ 
AK2 = A(J) 
4(J) 6 M(JJ) 
A(JJ) = AK2 
♦tk w A(K) 
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CYCLE kEPEATE0 UNTIL LIMITING NUMBER 
OF CHANGES 1S ACHIEVED 
PART II: Delamination Growth and Residual Strength 
by W.-L. Yin, J. T. S. Wang and Z.-Z Fei 
A. Summary of Results  
The analytical and computational results obtained within the scope of the 
present project in the year 1983 have been reported in three progress reports 
(April 1983, July 1983 and October 1983). The major achievements in the subject 
of delamination growth and residual strength are the following: 
(1) The energy-release rate in the growth of a general one-dimensional 
delamination (i.e., the case in which the thickness of the delaminated layer is 
not necessarily small in comparison with that of the laminate) has been 
expressed in terms of the axial forces and bending moments of the postbuckling 
solution. This algebraic expression generalizes our previous results for a 
thin-film delamination and it is also based on the method of the J-integral. 
(2) On the basis of dimensional analysis, i.e., the invariance' of the 
crack-tip stress field under spatial rescaling, the energy-release rate in the 
growth of a one-dimensional delamination is separated into its Mode I and Mode 
II components. The expressions for the two components involve an undetermined 
function of the thickness ratio of the delamination vs. the laminate. 	The form 
of this function depends on the material and should be ascertained either 
experimentally or by comparison with the closure integrals of finite-element 
solutions. 
(3) Our analysis of the general one-dimensional delamination model is 
based on the Euler-Bernoulli theory of beam-plates. 	In order to test the 
validity and accuracy of the present analysis, we calculate the postbuckling 
solutions and energy-release rates of a specific delamination model which was 
previously studied by Whitcomb. The model consists of thin layers of 
1 
graphite-epoxy bonded to a relatively thick aluminum plate except for a detached 
segment of specified length. The postbuckling solutions and the energy-release 
rates are obtained according to the present theory and the results are compared 
with Whitcomb's finite-element solutions. Excellent agreement is found in the 
total energy-release rate. 
(4) The unknown material function of the thickness ratio which 
characterizes the separation of Mode I and Mode II energy-release rates in our 
theory is also determined by comparison of the present results with the closure 
integrals of Whitcomb's finite-element analysis. Comparison of several sets of 
data corresponding to different lengths of delamination yields essentially the 
same material function. Hence the validity and accuracy of the present analysis 
is demonstrated, and it is computationally far more economical than the 
finite-element analysis. 
(5) The characteristic equation governing the critical buckling load of a 
general one-dimensional delamination model is solved for various combinations of 
thickness ratios and length ratios of the delamination vs. the laminate. These 
buckling loads are normalized with respect to the corresponding critical loads 
of perfect beam-plates and the results are presented in graphical form. For a 
beam-plate with clamped ends, it is found that the presence of a thin or 
moderately thick delamination significantly reduces the critical buckling load 
if and only if the length ratio exceeds the thickness ratio. 
(6) The change of postbuckling solution with the increase of axial load is 
studied. 	Immediately after buckling, the deflections of the upper and lower 
delaminated layers have the s ame algebraic sign. 	For a relatively short 
delamination, the deflections increase with the axial load until they become 
excessively large or until delamination growth starts with a sufficiently large 
energy-release rate. However, if the initial delamination is relatively long, 
2 
then as the axial load continues to increase the postbuckling deformation enters 
into a second phase in which the two delaminated layers deflect in opposite 
directions. The energy-release rate increases monotonically with theaxial load 
or with the relative approach of the two ends of the beam-plate. Stability 
characteristics of delamination growth is determined by the initial length of 
the delamination and the fracture toughness of the material. 
(7) For a clamped circular plate with a concentric circular delamination 
of arbitrary thickness, the characteristic equation governing the critical 
axisymmetric buckling load is derived and the solutions are obtained in terms 
of Bessel functions and their inverse functions. The critical loads are 
computed for various combinations of the thickness ratios and the radius ratios 
of the delamination vs. the plate. 	The non-dimensionalized results are 
presented in graphical form and the curves are very similar to the corresponding 
curves of a one-dimensional delamination. 
(8) The equations governing the postbuckling deformation of a thin-film 
circular delamination are derived on the basis of 	von Karman's nonlinear 
theory of plates. The system consists of two second order nonlinear ordinary 
differential equations. With proper non-dimensionalization, all solutions . of 
the problem are reducible to a one-parameter family of numerical solutions. 
Once started, the growth of a circular thin-film delamination is always 
catastrophic regardless of whether the in-plane compression is forced-controlled 
or displacement controlled. 
(9) The energy-release rate associated with uniform-expansion growth of a 
two-dimensional delamination of an arbitrary shape is obtained by means of the 
surface-independent M-intergral. The result is expressed in terms of a line 
integral of various terms involving the in-plane normal and shearing forces and 
3 
the bending and twisting moments along the boundary of delamination. The 
formula is applied to the special case of a circular delamination. 
B. Implications on Residual Strength  
Although the preceding results were obtained for certain delamination 
models with special geometry and structure and for special types of in-plane 
loading, they enhance the general understanding of the nature and 
characteristics of delamination buckling and growth because both the 
similarities and the differences among the various groups of results can be 
attributed to the underlying assumptions of the respective models. Our results 
suggest a few tentative conclusions whose general validity must require further 
confirmation. These conclusions have special significance with regard to the 
residual strength of a damaged laminate. 
(1) For a thin or moderately thick delamination in a plate with clamped 
boundary, if the size ratio of the delamination vs. the laminate is smaller than 
the thickness ratio, then the critical buckling load of the delaminated plate is 
very close to the critical buckling load of a perfect plate without delamination. 
Furthermore, once the delaminated plate starts to buckle under the critical 
buckling load, the plate can sustain only a negligible amount of additional 
in - plane load before the occurrence of excessive deflection or of catastrophic 
delamination growth. Hence the failure of a homogeneous plate containing a 
relatively small and thick delamination is essentially governed by the 
initiation of buckling, and the critical buckling load is a close lower bound of 
the residual strength of the damaged laminate. 
(2) On the other hand, if the size ratio is greater than the thickness 
ratio, then the failure of the delaminated plate is generally governed by 
delamination growth which in turn depends on the fracture toughness of the 
■ 
4 
material. 	Postbuckling analysis of an axisymmetrically loaded circular plate 
with a concentric circular thin-film delamination shows that the growth of a 
delamination, once started, is always catastrophic, regardless of whether the 
in-plane load is force-controlled or displacement controlled. Although stable 
growth of delamination is sometimes found in a one-dimensional delamination 
model subjected to a displacement-controlled loading, this case  is considered 
rather exceptional because the postbuckling equations of a one-dimensional 
delamination model is based on the linear plate theory. For a two-dimensional 
delamination, the governing equations must be based on von Karman's nonlinear 
theory of plates, and our results for a circular delamination suggest that the 
in-plane load corresponding to the initiation of delamination growth is the 
failure load of the laminate. This critical in-plane load depends on the 
fracture toughness of the material and may be considerably greater than the 
critical 	buckling load if the size of the existing delamination is large. 
(3) Hence for a laminate containing a relatively large or thin 
delamination, the estimation of the residual strength requires the solution of 
the postbucklng problem and the evaluation of the energy-release rates 
corresponding to various alternative modes of growth. If under a specified 
in-plane load one can find a mode of delamination growth whose energy-release 
rate equals the fracture toughness of the material, then this specified in-plane 
load indicates the residual strength of the laminate. 
(4) In contrast to a homogeneous plate, a laminate with a layered 
structure generally has no prebuckling states. Transverse deflection and 
bending moments set in as soon as any in-plane load is applied, and delamination 
growth invariably precedes the failure of the laminate. However, ordinarily the 
laminate shows weak coupling between membrane and bending behavior, and in such 
cases the dependence of the energy-release rate upon the axial load may be close 
to the corresponding relation for an equivalent homogeneous plate. 
(5) As a more realistic modelling of the fracture behavior, it may be 
necessary to separate the energy-release rate into the Mode I, Mode II and Mode 
III components and adopt a delamination growth criterion which discriminates the 
effects of the three components of energy-release rates. Such a program can be 
developed on the basis of our results because tha separation of the 
energy-release rate into its model components has been considered in our 
previous reports. 
